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Preface

The rational numbers, the real numbers, the complex numbers and the
p-adic numbers are classical fields. These number systems are the topic
of this book.

The real numbers, which are basic and indispensable for most parts
of mathematics, comprise several rich and intimately interwoven struc-
tures, namely the algebraic structure as a field, the topological structure
and the ordering structure. Each of these structures, as well as their
particular blend, is beautifully adapted to the intended use of numbers
(for counting, computing, taking measurements, comparing sizes and
modelling physical space and time). It is the purpose of this book to
consider these structures separately, and to analyse the interaction and
the interdependencies between these structures. The real numbers are
characterized in various categories by simple abstract properties. Each
of these characterization results is a possible answer to the question:
why exactly are the real numbers so fundamentally important?

The ordering and the topology of the real numbers are rooted deeply in
our geometric intuition about points on a line. The algebraic operations
of addition and multiplication describe the isometries and the similari-
ties of the one-dimensional geometry of a line. (In fact, one-dimensional
geometry becomes interesting only by imposing some additional struc-
ture on the set of points of the only line.)

Apart from the real numbers, we also treat the rational numbers (in
Chapter 3) and the p-adic numbers (in Chapter 5). The complex num-
bers are considered in Section 14 (to some extent also in Section 13),
and Chapter 2 deals with non-standard numbers. We study the struc-
tural components of each of these fields and their interactions; we also
describe the pertaining automorphism groups and typical substructures
and quotients.

ix



X Preface

Of course, also finite fields are classical number systems. However,
finite fields are purely algebraic objects, they have no interesting ordering
or topology, and their algebraic features are closely related to number
theory. Therefore finite fields appear only incidentally in this book.

* ok %

The first and longest chapter considers the field R of real numbers.
We study the additive and the multiplicative group of R, and then R as
an ordered set, as a topological space, as a measure space, as an abstract
field and as a topological field. The additive group (R, +) is considered
as an ordered group and as a topological group. Algebraic properties of
the field R lead to the Artin—Schreier theory of formally real fields.

The last section of Chapter 1 treats the complex numbers C; many
structural features of C can be inferred from the description of C =
R(v/—1) as a quadratic field extension of R. However, the existence
of discontinuous field automorphisms and of unexpected subfields is a
peculiar property of C.

According to Pontryagin, R and C are the only topological fields that
are locally compact and connected; see Theorem 13.8.

It is not our main task to construct the real numbers R, we rather take
them for granted (constructions can be found in the books mentioned
at the end of this preface). Still, we describe constructions of R in
Section 23 (by means of an ultrapower of the field Q of rational numbers)
and in 42.11 and 44.11.

Non-standard numbers are the theme of Chapter 2. These number
systems can be constructed easily via ultrapowers. Contrasting R with
its non-standard counterpart *R sheds additional light on the particular
role of R. The additive and the multiplicative groups of R and *R are
isomorphic, and *R(y/—1) = C (see 24.2, 24.4 and 24.6), but R and
*R are not isomorphic as fields, and R and *R are quite different as
topological spaces. The natural embedding of R into *R leads to some
basic notions of non-standard analysis.

In Chapter 3 we treat the system Q of rational numbers in a simi-
lar way as the real numbers. The different structural components of Q
are less tightly related; in particular, the additive group and the mul-
tiplicative group of Q are quite different. As Q is the field of fractions
of the ring Z of integers, number theory plays an important role in this
chapter. In many respects R is simpler than Q; for example, R has only
two square classes and an easy theory of quadratic forms, whereas QQ has
infinitely many square classes and a rich theory of quadratic forms (see
CASSELS 1978). Moreover, the natural topology of R is locally compact
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and connected, in contrast to the topology of Q. This explains why in
this book we treat first R and then Q, despite the fact that R can be
obtained by completing Q.

A field is said to be complete, if its additive group is complete with
respect to a given ordering or topology. In Chapter 4 we discuss rele-
vant completion procedures. First we complete chains, and then ordered
groups and fields. Next we construct the (essentially unique) comple-
tion of a topological abelian group. A complete ordered group is also
complete in the topology determined by the ordering (see 43.10). The
results are finally applied to topological rings and fields.

In Chapter 5 we deal with the p-adic numbers Q,, as relatives of the
real numbers. Indeed, @, can be obtained by completing Q with re-
spect to the p-adic metric; this metric reflects the divisibility by powers
of the prime p. As a consequence, the p-adic topology has a rather al-
gebraic flavour; note that the non-zero ideals of the ring Z, C Q, of
p-adic integers form a neighbourhood basis at 0 for the topology of Q,.
This topology is locally compact and totally disconnected. We con-
sider the additive and the multiplicative group of Q,, and we study the
squares of Q,. The field Q, cannot be made into an ordered field (com-
pare 54.2). Like R, the field Q, admits no automorphism except the
identity (see 53.5).

The properties of Q, are placed in a more general context by con-
sidering absolute values, valuations and topologies of valuation type in
Sections 55, 56, 57. The last section of Chapter 5 deals with field ex-
tensions of Q, and with the classification of all locally compact (skew)
fields. We prove that R and Q,, are the only non-discrete locally compact
fields that contain Q as a dense subfield (58.7).

Note that R and Q, are encoded in the additive group (Q,+), and
hence in the semigroup (N, +) of positive integers: the field Q is the
endomorphism ring of (Q,+) (see 8.28), and R and the fields Q, are
the completions of @ with respect to the absolute values of Q (com-
pare 44.11).

In an Appendix we collect some facts on ordinal and cardinal numbers
and on topological groups, we summarize the duality theory of locally
compact abelian groups, and we present basic facts and constructions of
field theory.

Most sections end with a few exercises, of different character and
degree of difficulty. The chapter ‘Hints and solutions’ provides a solution
or at least a clue for each exercise.

k k k
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There is a vast literature on number theory, and there exist many
books which deal with the real numbers and the rational numbers. Sev-
eral of these texts explain the successive construction of the number sys-
tems N, Z, Q, R and C; typical examples are DEDEKIND 1872, LANDAU
1930, COHEN—EHRLICH 1963, FEFERMAN 1964. The historical develop-
ment is presented in FLEGG 1983, EHRLICH 1994 and LOPEZ PELLICER
1994. The three volumes by FELSCHER 1978/79 on ‘Naive Mengen und
abstrakte Zahlen’ emphasize logical and set-theoretic aspects. The clas-
sical division algebras H (Hamilton’s quaternions) and O (octonions)
are treated in SALZMANN et al. 1995 Chapter 1, EBBINGHAUS et al.
1991 Part B; see also CoNwAY—SMITH 2003, BAEZ 2002, WARD 1997.
None of these books has much overlap with the present text.

Our book is based on lectures given by H. Salzmann in Tiibingen in
1971/72 and on a two-volume set of lecture notes (prepared by R. Lowen
and H. Hahl) with the title ‘Zahlbereiche’. These lecture notes had been
available for a short while in mimeographed form: SALZMANN 1971 and
SALZMANN 1973.

We would like to thank Nils Rosehr for technical support, and Joachim
Gréter for helpful discussions. We are grateful to the friendly staff of
Cambridge University Press for their professional help and advice in
publishing this book.

The authors



Notation

As usual, N, Z, Q, R, C denote the natural, integer, rational, real and
complex numbers, respectively. By convention, 0 ¢ N and Ny := NU{0}.

We use := for equality by definition and = for equivalence by defini-

tion. The symbols A and v are the logical connectives ‘and’ and ‘or’.
We write A = B if two structures A and B are isomorphic, and A < B
if A is a proper substructure of B.

The notation X =~ Y means that the topological spaces X and Y are
homeomorphic (compare 5.51).
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finite field of order ¢

prime numbers

positive real numbers (as a multiplicative group)
real algebraic numbers

sphere of dimension n

torus (1.20)

long line, long ray (5.25)

Cantor set (5.35, as a topological space)
quaternions (Section 13, Exercise 6, and 34.17)
p-adic numbers (44.11 and Chapter 5)

p-adic integers (51.6)

a divides b
greatest common divisor of a, b
continued fraction (4.1)

power set of S
union {z | Iscs : ¢ € S} of a system & of sets

intersection {x | Vses : ¢ € S} of a system & of sets

xiii
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Notation

identity mapping

image

set {f|f:X — Y} of mappings

set of all fixed elements

support (5.61, 64.22)

Cartesian product of sets (with structure) S;
ordinal numbers (Section 61)

cardinality of a set S (61.8)

cardinality of N

cardinality of R (1.10)

cyclic group of order n

Priifer group (1.26)

symmetric (permutation) group of the set S
general linear group of F™

projective quotient of GLoF' (11.16, 64.19)
homeomorphism group of R (5.51)
homeomorphism group of Q (33.12)
automorphism group of X

group of continuous automorphisms of X
endomorphisms of X

continuous endomorphisms of X
homomorphisms X — Y

centralizer

character group of A (63.1)

direct sum of groups G; (1.16)

field extension F' C F (64.1)
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F[t]] ring of power series (64.22)

F((t)) field of Laurent series (64.23)
F((tY>)) field of Puiseux series (64.24)
F((T)), F((T)); fields of Hahn power series (64.25)
lim B limit of a filterbase B (43.2)

¢ minimal concentrated filter (43.15)

Non-standard objects (Chapter 2):

hd ultrapower (21.4)

Q non-standard rationals (Section 22)
R non-standard reals (Section 24)

T *R as a topological space (Section 24)
wY, *h extension of a map h (21.10, 25.0)

°a standard part of a (23.9)

Ty y — « is infinitely small (23.9, Sections 25-27)
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1

Real numbers

This chapter is devoted to various aspects of the structure of R, the field
of real numbers. Since we do not intend to give a detailed account of
a construction of the real numbers from the very beginning, we need to
clarify the basis of our subsequent arguments. What we shall assume
about the real numbers is that they form an ordered field whose order-
ing is complete, in the sense that every non-empty bounded set of real
numbers has a least upper bound. All these notions will be explained
in due course, but presumably they are familiar to most readers. It is
well known and will be proved in Section 11 that the properties just
mentioned characterize the field of real numbers.

Historically, a satisfactory theory of the real numbers was obtained
only at the end of the nineteenth century by work of Weierstrafl, Can-
tor and Dedekind (see FLEGG 1983, EHRLICH 1994 and LOPEZ PEL-
LICER 1994). Starting from the rational numbers, they used different
approaches, namely, Cauchy sequences on the one hand and Dedekind
cuts on the other.

In Sections 42 and 44, we shall actually show how to obtain the real
numbers from the rational numbers via completion. Another construc-
tion in the context of non-standard real numbers will be given in Sec-
tion 23. We mention also the approach of CONWAY 1976, whose ‘surreal
numbers’ go beyond non-standard numbers. These ideas were carried
further by GONSHOR 1986, ALLING 1987; see also EHRLICH 1994, 2001
and DALES-WOODIN 1996.

Several methods have been proposed for constructing R directly from
the ring Z of integers, without using the rational numbers as an inter-
mediate step; compare Section 6, Exercise 2 (which is related to FALTIN
et al. 1975; see also Section 51, Exercise 3, for the p-adic analogue). DE
BRULIN 1976 defines the ordered additive group of real numbers via cer-



2 Real numbers

tain mappings f : Z — {0,1,...,b—1}, with the idea that a non-negative
real number is represented by >, f(n)b~". A’CAMPO 2003 considers
all maps f : Z — Z which are ‘slopes’ (or ‘near-endomorphisms’) in
the sense that { f(z +y) — f(z) — f(y) | z,y € Z} is a finite set, and
he constructs R by identifying two slopes f, g if f — g has finite image;
see also ARTHAN 2004, GRUNDHOFER 2005 for details pertaining to this
construction.

1 The additive group of real numbers

The first feature of the field R to be examined is its additive group
(R,+). The following is the essential fact about this group (which actu-
ally characterizes it): (R, +) is a vector space over the rational numbers,
and the dimension of this vector space is given by the cardinality of the
real numbers.

We shall derive various consequences from this rational vector space
structure; in particular, we consider subgroups and quotient groups and
characterize them as groups where possible. The axiom of choice will be
used in many places in this section because we rely on the existence of
bases for infinite dimensional vector spaces.

We do not at this point go into the obvious question as to what can
be said about the additive structure of the rational numbers themselves.
This will be deferred to Section 31.

1.1 The additive group of real numbers From the construction of
the real numbers, we take the following facts for granted.

(a) The real numbers under addition form an abelian group denoted
(R,+), or briefly R*, with neutral element 0.

(b) By repeated addition of the multiplicative unit 1 we exhaust the set
N = {1,2,3...} of natural numbers; together with their additive
inverses and 0 they form the infinite cyclic group of integers, which
is a subgroup ZT < RT.

Here, the word ‘cyclic’ means ‘generated by a single element’, namely,
by 1 (or by —1). In other words, Z* is the smallest subgroup of R*
containing 1. That this subgroup is infinite is a consequence of the
ordering: from 0 < 1 one obtains, by induction, that 0 < n < n + 1 for
all natural numbers n.

We start our investigation of the group RT by examining its sub-
groups, starting with the smallest possible ones. First, we turn to a
general consideration.



1 The additive group of real numbers 3

1.2 Cyclic subgroups of arbitrary groups In an additively written
group (G, +), we consider the multiples ng :== g+ --- + g of an element
g € G, where n € N is the number of summands. In addition, we set
0g := 0 and zg := (—z)(—g) for negative integers z. The order #g of g
is, by definition, the smallest natural number &k such that kg = 0; we set
#g = oo if no such number £ exists.

Fix g € G. The mapping defined by ¢(z) := zg is a homomorphism
¢ :(Z,+) — (G,+) which maps Z onto the smallest subgroup (g) con-
taining g. The kernel ker ¢ equals kZ if k = #g¢ is finite, and ker ¢ = {0}
otherwise. It follows that (g) is isomorphic to the factor group Z/ ker ¢,
and thus to the cyclic group Cy, if k¥ € N and to Z* otherwise. Clearly,
all homomorphisms Z — G arise in this manner (just set g := ¢(1)).

The group G is said to be torsion free if all its elements except 0
have infinite order; equivalently, if all its non-trivial cyclic subgroups
are infinite or if all non-trivial homomorphisms Z — G are injective.

1.3 Theorem: Cyclic subgroups of RT The group homomorphisms
ZT — R* are precisely the maps ps : z — zs for arbitrary s € R.
Every non-zero element r € R generates an infinite cyclic subgroup
(ry = Zr = Z, and the group R is torsion free.

Proof Tt suffices to remark that, by virtue of the distributive law, the
multiple zs can also be obtained as z - s, using the multiplication of real
numbers. Now the distributive law shows that ¢, is a homomorphism;
if r # 0, then ¢, is injective by the absence of zero divisors. Instead
of these arguments, one could use the same reasoning (based on the
ordering) as in 1.1. O

1.4 Theorem Every non-trivial subgroup H < R™ is either cyclic or
dense in R.

Proof Let r € R be the infimum (the greatest lower bound) of the set
{he€H|h>0}. Ifr#0and r € H, then the cyclic group Zr coincides
with H. Indeed, every g € H belongs to the interval [zr, (z + 1)r[ for
some z € Z, which implies that g —zr € [0,7[N H and g = zr. (We have
used, somewhat informally, the fact that R* is an Archimedean ordered
group; compare 7.4 and 7.5.)

On the other hand, if » = 0 or ¢ H, then r is a cluster point of
H, and H contains pairs with arbitrarily small differences. Since H is
a group, it contains those differences as elements. Now if g € ]0,e[ N H,
then every closed interval of length € contains some integer multiple zg,
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z € Z, and H is dense. (This argument used the Archimedean property
again.) O

Having treated completely the subgroups generated by a single ele-
ment, we turn now to subgroups generated by pairs of elements. As a
preparation, we need the following simple result of number theory.

1.5 Bézout’s Theorem The greatest common divisor ged(m,n) of
two integers is an integral linear combination of m and n, i.e., there are
integers x,y such that gcd(m,n) = xm + yn. In particular, if m,n are
relatively prime, then 1 is a linear combination: 1 = xm + yn.

Proof The subgroup I = {xm +yn | z,y € Z} < Z* is generated by
any element d € I ~ {0} of smallest absolute value. This is shown by
applying the Euclidean algorithm: an element z € I can be written as
z =>bd+r with b € Z and |r| < |d|; it follows from the equation that
r € I, and we must have r = 0 by the definition of d.

Now if I = (d), then d divides m and n and is a linear combination of
the two; hence every common divisor of m,n divides d. — We remark
that d,z and y can be computed explicitly by making full use of the
Euclidean algorithm. This is needed, for example, in order to compute
multiplicative inverses in the field Z/pZ, where p is a prime. a

Now we apply this fact to subgroups of R.

1.6 Theorem (a) A subgroup (a,b) < RT generated by two non-zero
elements a, b is cyclic if, and only if, the quotient a/b is a rational
number. More precisely, if a/b = m/n with m,n relatively prime,
then {(a,b) = (b/n).

(b) If a/b is irrational, then (a,b) is dense in R.
(c) The additive group QT of rational numbers is locally cyclic, i.e., any
finite subset generates a cyclic subgroup.

Proof (a) If a/b = m/n, then za+yb = b(am+yn)/n for z,y € Z. From
Bézout’s Theorem 1.5 it follows that b/n € (a,b). On the other hand,
both b and a = ba/b = bm/n are integer multiples of b/n. Conversely,
if a and b belong to a cyclic group {c), then a = zc and b = yc for some
integers z, y, and a/b = z/y.

(b) follows from (a) together with 1.4, and (c) is obtained by repeated
application of (a). O

There is a more general (and less easy) result behind the density
assertion 1.6b. See 5.69 for a statement and proof of this theorem due
to Kronecker.
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Our next aim is the characterization of R* given in 1.14. It uses the
notion of divisible group, which we introduce first.

1.7 Definition: Divisible groups A group (G, +) is said to be divis-
ible if for every g € G and every n € N there is h € G such that nh = g.
Here, the integer multiple nh is taken in the sense of 1.2. An abelian
group that is both divisible and torsion free is uniquely divisible, i.e.,
the element h is uniquely determined by g and n. Indeed, g = nh = nh’
implies n(h — k') = 0, and then h — b’ = 0 because G is torsion free.
The unique h satisfying nh = g will then be denoted g/n.
In particular, we have:

1.8 Theorem The group R* is uniquely divisible. O

1.9 Theorem A uniquely divisible abelian group G carries a unique
structure as a rational vector space.

Proof It follows from the vector space axioms that multiplication by a
scalar z € Z is the one defined in 1.2, and then multiplication by the
scalar 1/n is the operation introduced in 1.7. This proves uniqueness.
On the other hand, we can always introduce on G the structure of a
vector space over QQ in this way. O

The structure of uniquely divisible non-abelian groups is more com-
plicated: GUBA 1986 shows that there exists a group of this kind that
is generated by two elements.

Any bijection between given bases of two vector spaces over the same
field extends to an isomorphism between the spaces, thus a vector space
over a given field is determined up to isomorphism by the cardinality of
a basis, i.e., by its (possibly transfinite) dimension; compare Exercise 1.
Hence we can characterize the uniquely divisible group R* if we deter-
mine its dimension as a vector space over the rationals. Before we can
do this, we need to determine the cardinality of R itself.

1.10 Theorem The set R has cardinality X := card R = 2% > R.

Proof We use the fact that every real number between 0 and 1 has a
unique binary expansion ) .y c,27" with ¢, € {0,1} and ¢, = 0 for
infinitely many n. By 61.14, the last condition excludes only countably
many coefficient sequences (¢, )nen, and there remain 2% admissible se-
quences. Thus, card [0, 1] = 2%° and, since R decomposes into countably
many intervals [m,m + 1[, it follows that card R = R - 280 = 2%0; see
61.12. According to 61.11, we have 2% > R,
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There is a slightly faster way to establish the equation card[0, 1] = 2%
using the Cantor set C = {>_ 77, ¢,37" | ¢, € {0,2}}; compare 5.35ff.
Indeed, C is a subset of the unit interval, and on the other hand, C maps
onto [0,1] via > 07 1 ¢,37V = > 07 ¢, 27V L m

One naturally wonders what is the precise relationship between the
two cardinalities cardQ = Ny and card R = N; are there any other
cardinalities in between or not? The question thus raised is known as
the continuum problem; see 61.17 for a brief introduction.

1.11 The real numbers as a rational vector space The vector
space structure on Rt that we determined in 1.9 can be described more
easily. In fact, the product gr of a scalar ¢ € Q and a vector r € R is
just their product as real numbers. This follows from uniqueness of the
vector space structure by observing that multiplication in R does define
such a structure.

What is the dimension of this vector space? The cardinality of a
basis B C R cannot exceed that of the space R itself. To obtain a lower
estimate for card B, we count the finite rational linear combinations of B.
Every linear combination is determined by a finite subset of Q x B. By
61.14, the set of all these subsets has the same cardinality as Q x B itself.
Thus we have card B < card R = X < card(Q x B) = max{Ro, card B};
for the last equality use 61.12. This proves the following.

1.12 Theorem Any basis of the vector space R over Q has the same
cardinality as R itself, that is, dimg R = X = card R. O

Incidentally, we have proved that the concept of transfinite dimension
is meaningful in the given situation, independently of Exercise 1. Ex-
amining the proof, we see that countability of Q is essential. In fact we
have shown that a basis of any infinite-dimensional rational space V' has
the same cardinality as V itself. This is not true for real vector spaces.

1.13 Hamel bases A basis of the rational space R is usually referred
to as a Hamel basis. No one has ever written down such a basis, nor
probably ever will. Yet such bases have several applications. They
permit, for example, the solution of the functional equation f(x 4 y) =
f(z) + f(y); this is precisely what Hamel invented them for (HAMEL
1905, compare also ACZEL 1966). Moreover, Hamel bases allow one to
construct subsets of R that behave strangely with respect to Lebesgue
measure; see 10.8ff. One should therefore keep in mind that the existence
of Hamel bases depends on the Axiom of Choice (AC); compare the
introduction to Section 61. A large proportion of the subsequent results
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in this section therefore need AC, namely 1.14, 1.15, 1.17, 1.19, 1.24. In
addition, 1.23 uses AC (directly).

In spite of the elusiveness of Hamel bases, there are many ways of
constructing large Q-linearly independent sets of real numbers. A simple
example is the set of all logarithms of prime numbers (Exercise 6). More
refined techniques yield sets that are uncountable (BRENNER 1992). This
is surpassed by VON NEUMANN 1928 and KNESER 1960, who show that
certain sets of cardinality X are even algebraically independent over Q
(as defined in 64.20). Kneser’s set consists of the numbers

Sasr 27 0<s <,

where [t| denotes the largest integer not exceeding ¢ € R. Other exam-
ples of this kind are given by DURAND 1975 and ELSNER 2000.

There is a nice survey on this topic by WALDSCHMIDT 1992, and there
are several other contributions by the same author. Finally, we mention
LAczkovicH 1998, who shows that there are Q-linearly independent
subsets of R that are Gs-sets (that is, intersections of countably many
open sets).

Observe that the only information about R that we needed in order
to compute the dimension was the cardinality of R itself. Thus we have
proved the following.

1.14 Characterization Theorem An abelian group is isomorphic to
the additive group R of real numbers if, and only if, it is torsion free
and divisible and has the same cardinality as R. O

1.15 Consequences A few surprising (at first sight) consequences
of the characterization are worth pointing out. The additive group of
any finite dimensional real vector space, e.g., of R™ or of C, satisfies
the conditions that characterize RT. Thus, all these vector groups are
isomorphic. By contrast, two real vector spaces of different finite dimen-
sions are not isomorphic, and their additive groups are not isomorphic
as topological groups; indeed, every additive map between such vector
spaces is Q-linear (by 1.9), hence R-linear if it is continuous; alterna-
tively, we could use Theorem 8.6, which implies that R™ contains closed
discrete subgroups isomorphic to Z", but no closed discrete subgroup
isomorphic to Z"*1.

A Hamel basis has many subsets of the same cardinality, giving rise to
many vector subspaces that are isomorphic to R both as rational vector
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spaces and as additive groups. These subgroups may also be obtained
as factor groups; just factor out a complementary vector subspace.

Now we determine the cardinality of the set G of all subgroups of R¥:
the set 28 of all subsets of a Hamel basis B injects into G, because a
subset C' C B generates a vector subspace Vi, and C' = Vi N B. Hence
the cardinality 2% of 28 is a lower bound for card G. But 2N is also the
cardinality of the set of all subsets of R, which is an upper bound for
cardG. Thus we see that there are 28 = 22°° distinct subgroups of RT.
(This does not say anything about the number of isomorphism types of
subgroups, which depends on how many cardinalities there are between
Ry and R; compare 61.17.)

We proceed to examine decompositions of RT as a direct sum. First
we present the basic notions of direct sum and direct product.

1.16 Definition: Direct sums and products Given a family of
additively written groups G; (abelian or otherwise), indexed by a set I,
we form a group

XiGI Gl )

called the direct product of the G;, as follows: the elements of this group
are the indexed families (g;);cs such that g; € G;, and the group opera-
tion is defined componentwise, i.e., (g;)ier + (h:i)icr = (g; + hi)icr-

At the moment, we are more interested in the subgroup formed by
those families (g;)ier that satisfy g; = 0 with only finitely many excep-
tions. This group is called the direct sum of the G; and denoted

@ie[ Gi.

Of course, a difference between sums and products exists only if I is
infinite; compare, for example, 1.30. Note that every summand (or
factor) G; is isomorphic to a subgroup of the direct sum or product,
respectively. Likewise, the sum or product of the same G; taken over
any subset of the index set is contained in the total sum or product,
respectively.

In the special case where G; = G for all i, we refer to the direct
product as a power of G; its elements can be thought of as functions
I — G. We use the simplified notation

Xiec1G=G' and @,.,;G=GD .

If V is any vector space over a field F' and B C V is a basis, then every
element of V has a unique representation as a finite linear combination
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v = ycp fvb, thus f, = 0 with finitely many exceptions. We can view
v as an element (fp)pep of a direct sum of copies of the additive group
F*, indexed by the set B. Therefore, we have an isomorphism

V=@l
where Fb+ = F7* for all b. In particular,
1.17 Theorem The group RY is a direct sum of N copies of QT. O

The above decomposition cannot be refined any further, as the follow-
ing theorem shows.

1.18 Theorem The group Q" cannot be decomposed as a direct pro-
duct of two non-trivial subgroups G, H.

Proof Any two non-zero elements a/b € G, ¢/d € H have a non-zero
common multiple ¢b(a/b) = ca = ad(c/d) € GN H, which is a contra-
diction to GN H = {0}. O

1.19 Theorem The group R admits a decomposition as a direct
sum of indecomposable subgroups. This decomposition is unique up to
isomorphism.

Proof Existence is obtained from 1.17 and 1.18; it remains to prove
uniqueness. Suppose we have two decompositions of the specified kind.
Unique divisibility of R™ implies that every summand is uniquely di-
visible; remember that addition is done componentwise. Hence, every
summand is a vector space over Q. Indecomposability implies that the
summands are in fact one-dimensional vector spaces. Choosing a non-
zero element from each summand of one decomposition, we construct a
Hamel basis of R*. The two bases so obtained can be mapped onto each
other by a vector space isomorphism. This shows that the two direct
sums are isomorphic by an isomorphism that maps the summands of one
onto those of the other. |

The remainder of this section is devoted to the study of a prominent
factor group of R™, the torus group T = R*/Z. We shall return to this in
5.16 and in Section 8. First we show why this group plays an important
role both in analysis and in geometry.

1.20 Theorem The following three groups are isomorphic:

(a) The factor group T = R"/Z

(b) The multiplicative group Sy of complex numbers of absolute value 1
(c) The group SO3R of rotations of the plane R2.
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Proof The exponential law e*T% = e®e¥ for the complex exponential

2mit is a group homomorphism of

|2_

function implies that the map ¢ : t — e
R™ into the multiplicative group of complex numbers. From |p(t)
o(t)p(t) = o(t)p(—t) = 1 we see that ¢(t) € S;. The Euler relation
e'® = cosx + isinx implies that ¢ maps R onto S; and that ker p = Z.
It follows that RT/Z ='S;.

By definition, SO3R consists of the real orthogonal 2 x 2 matrices of
determinant 1 (or of the linear maps of R? defined by these matrices).
For z € Sy, let v(z) be the R-linear map C — C defined by w — zw.
This map preserves the norm |w| and, hence, the scalar product. The
matrix of y(e’®) with respect to the basis 1,7 of C is

cosT —sinz)

sin cosz /)’
its determinant is 1. From the fact that the first column vectors exhaust
S; it follows that we have constructed a surjective map v : S; — SO3R.

It is immediate from the definition that 7 is an injective group homo-
morphism. This completes the proof. O

The reader might wonder why this group is called a torus. The name
originally refers to the direct product S; x Sy, which is a topological
torus (doughnut). More generally, the product of n > 1 copies of S; is
called an n-torus, so Sp itself is the 1-torus.

We shall now examine the structure of T in a similar way as we did
for RT. As a tool, we need the concept of an injective abelian group.

1.21 Definition An abelian group S is said to be injective if every
homomorphism of abelian groups G — S extends to any abelian group
H containing G. What we need here is the following consequence of the
definition.

1.22 Theorem Let S be an injective subgroup of an abelian group G.
Then S is a direct summand of G, i.e., there is a subgroup T < G such
that the direct sum S ®T is isomorphic to G via the map (s,t) — s+t.

Proof By injectivity, the identity map of S extends to a homomorphism
p: G — S (a retraction). Define T := ker p and observe that po p = p.
Therefore, 7(g9) := g — p(g) € T for every g € G, and the identity
g = p(g) +7(g) shows that g — (p(g),7(g)) is an isomorphism of G onto
S @ T with inverse (s,t) — s +t. o

1.23 Theorem An abelian group is injective if, and only if, it is divis-
ible.
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Proof (1) Suppose that S is injective and let s € S, n € N. Define a
homomorphism nZ — S by n — s. By injectivity, this extends to a
homomorphism « : Z — S, and we have na(1l) = a(n) = s, hence S is
divisible.

(2) Conversely, let S be divisible, and let ¢ : G — S be a homomor-
phism. We have to extend ¢ to a given abelian group H containing G.
We consider the set of all pairs (IV, p) consisting of a group N between
G and H together with an extension p: N — S of ¢. We say that (N, p)
precedes (N, p') in this set if N C N’ and p’ extends p. It is easily seen
that the ordering defined in this way satisfies the hypothesis of Zorn’s
Lemma (compare Section 61), so there is an extension ¢ : M — S of ¢
that cannot be extended any further. We shall show that in case M # H,
further extension is possible; the conclusion then is that M = H.

Consider any element h € H ~ M. If (h) intersects M trivially, then
we can extend 1 to the (direct) sum M + (h) by setting ¢)(zh) = 0 for
all integers z. If the intersection is non-trivial, then M N (h) = (kh) for
some k € N. The image ¥(kh) = s is already defined, and we choose
Y(h) € S such that k¢ (h) = s; this is possible by divisibility. It is easy
to check that this yields a well-defined homomorphism M + (h) — S
extending 1. O

We are now ready to examine the structure of the torus group.
1.24 Theorem There is an isomorphism T = RY/Z = R* & (Q1/Z).

Proof There exists a Hamel basis B such that 1 € B. The remainder
B’ := B~ {1} has the same cardinality as B, hence the rational vector
space R generated by B’ is isomorphic to R. We have RT =2 RT ¢ QT,
and factorization modulo Z < Q yields the result. O

1.25 Consequences By 1.15, we may substitute (R"*1)* = R+ for
the left summand of T, and we obtain after regrouping that

TR Y ®T.

We continue by examining Q/Z; compare also Section 31. First we
remark that Q/Z is a torsion group, i.e., every element has finite order,
because every rational number has some multiple belonging to Z.

Given any abelian group G and a prime p, the p-primary component
G, < G is defined as the set of all elements of G whose order is a power
of p. This is in fact a subgroup; indeed, if #¢ = p* and #h = p', then
p2x(B0 (g 4 h) =0, hence #(g + h) is a power of p. Let us examine the
primary components of G = Q/Z.
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1.26 Priifer groups The primary components of the group G = Q/Z
are called Priifer groups. We denote them by:

Cpe = (Q/Z)p -

Consider the coset ab~! + Z of a rational number ab~!, where a, b are
relatively prime. The coset belongs to Cpe if, and only if, there is a
power pF such that p*ab~! is an integer, that is, if, and only if, the
denominator b is a power of p. It follows that Cpe is the union (or the
direct limit) of the groups Cprx = (p~*7)/7 = 7./p*Z, the cyclic groups
of order p*:

Cpoe = Ugen Cpr -

We note the following consequence of this representation. If a subgroup
G < Cpe contains elements of arbitrarily large order, then G is the
entire group. If the orders of the elements of G are bounded, then G is
one of the subgroups Cpx. In particular, every proper subgroup of Cpe
is cyclic and is uniquely determined by its order.

1.27 Theorem C) is a divisible group. Moreover, multiplication by
a natural number q not divisible by p defines an automorphism of Cpec.

Proof In order to divide an element of C,x by p, we have to use Cprt1;

" =plap~*1)
the group Cpx; indeed, multiplication by ¢ is an injective endomorphism

we have ap™ for a € Z. Division by ¢ takes place within
of that finite group, hence an automorphism. Passing to the union over
all k, we obtain an automorphism of Cpee. O

1.28 Theorem There is a decomposition Q*/Z = @, Cpe, where the
sum is taken over all primes.

Proof We have to show that every element z = ab~! + Z has a unique
representation x = gp, + -+ + gp,, where g,, € Cp,. To prove exis-
tence, it suffices to write ab~! as a sum of fractions with prime power
denominators. This can be done by induction. If b = plq, where p is
a prime not dividing ¢, write up~! + vg™! = (uq + vp!)(p'q)~*
Bézout’s Theorem 1.5 to find w, v such that ug + vp' equals a.

and use

The proof of uniqueness reduces quickly to proving that x = 0 has
only the trivial representation. Writing —g,, = gp, + - + gp,, We see
that the order of the left-hand side is a power of p; while the order of
the right-hand side is a product of powers of the remaining primes. This
shows that both sides are zero if the given primes are all distinct, and
uniqueness follows by induction. O
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Virtually the same proof shows that every abelian torsion group splits
as the direct sum of its primary components (Exercise 2). The following
result can be obtained from 1.27 together with 1.28, or directly from the
fact that QT/Z is an epimorphic image of the divisible group Q™.

1.29 Corollary The group Q%1/Z is divisible. O
This group will be studied more closely in Section 31.

1.30 Theorem There is an isomorphism Xp Cpo X RT & @p Cpes,
where p ranges over all primes.

Proof By definition, the direct sum of all Priifer groups is contained in
their direct product. Both groups are divisible, hence injective (1.23),
and 1.22 yields a decomposition Xp Cpo =R® @p Cpo. We shall use
the characterization 1.14 of RT in order to show that R = R*. Being
a summand of a divisible group, R is divisible. Moreover, R is torsion
free. Indeed, consider any element x = (g,), € R~ {0}, where g, € Cpe.
Then z does not belong to the direct sum of the Cp,e, hence g,, is non-
zero for an infinite sequence of primes p;. If the order of x were a finite
number n, then all p; would divide n, which is impossible.

It remains to check that R has the right cardinality. The product of all
Priifer groups is a Cartesian product of countably many countable sets,
hence its cardinality is Ngo = 2%0: gee 61.15. On the other hand, the
right summand is the countable group Q/Z; see 1.28. From Xp Cpoe =
R @ Q/Z we get 2% = X - card R = card R by 61.12. O

1.31 Corollary The torus group R"/Z is isomorphic to the direct
product Xp Cpee of all Priifer groups.

Proof Combine the results 1.24, 1.28, and 1.30. O
We conclude this section by looking at automorphisms of R*.

1.32 Theorem The automorphism group A = AutR™ consists of the
Q-linear bijections of R, and card A = 2% > R.

Proof If X is an automorphism of R* and if » € Q, then A(r-z) = r-A(x)
because RT is uniquely divisible; compare 1.9. Therefore, ) is Q-linear.

A Hamel basis B of R has the same cardinality X as R itself; see 1.12.
Therefore, B and R have the same transfinite number card Sym B = 2%
of permutations; compare 61.16. Every permutation of B gives rise to
an automorphism of R™, which is, of course, a permutation of R. Thus,
we have 2% = card Sym B < card A < card Sym R = 2%, The last part of
the assertion follows from 61.11. O
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1.33 Corollary The automorphism group AutT of the torus group
has the same cardinality 28 as Aut R*.

Proof By 1.25, we have T = RT @ T. Thus, every automorphism of R
extends to an automorphism of T. We infer that 28 < card Aut(RT) <
card Aut T < card Sym T = N, m|

This corollary should be contrasted with the fact that the torus group
has only two continuous automorphisms; see Theorem 8.27. We infer
that the torus group has uncountably many discontinuous group auto-
morphisms.

Exercises

(1) Suppose that V is a vector space having two infinite bases B and B’. Show
that card B = card B’.

(2) Prove that every abelian torsion group splits as the direct sum of all its
primary components.

(3) Show that R™ contains subgroups isomorphic to R™ x Z™ for arbitrary
n € N. Show moreover that these groups are not isomorphic to R*.

(4) The set H of hyperplanes in the rational vector space R has cardinality
card H = 2%: there are more hyperplanes than one-dimensional subspaces.

(5) The Cantor set {> o2, ¢,37" | c» € {0,2}} (compare 5.35) is not con-
tained in any proper subgroup of R.

(6) The numbers log p, p a prime in N, are linearly independent over Q.

(7) Let F be a field of characteristic 0. Show that the additive group F'* has
no maximal subgroup.

(8) Let r € R\ Q. Does the subgroup Z + rZ of R™ admit an automorphism
of order 5 7

(9) Determine the isomorphism type of the factor group R/Q of additive
groups.

2 The multiplication of real numbers, with a digression on
fields

The multiplicative group of real numbers has ‘almost’ the same struc-
ture as the additive group. This fact will be established quickly (2.2),
and after that we conduct a systematic search for similar phenomena
in other fields. This will culminate in the construction of a field whose
multiplicative group is actually isomorphic to the additive group of real
numbers (see 2.11). The construction makes use of formal power se-
ries, which will be treated more systematically later in this book. Some
readers may therefore prefer to skip this topic on first reading.
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By R* we denote the multiplicative group (R~ {0}, -) of real numbers.
It contains two notable subgroups, the cyclic group {1,—1} = C5 of
pos Of positive real numbers. A real number

r # 0 is uniquely expressed as a product of signr € {1,—1} and its

absolute value |r| € R). This proves the following.

order 2 and the group R

2.1 Theorem There is a direct sum decomposition R* = R &C2. O

The following theorem is the structural interpretation of the functional
equation exp(z + y) = exp(z) exp(y).

2.2 Theorem The exponential function is an isomorphism R* =R .

Therefore, R* = R+ @ C,. i

The close relationship between the additive and the multiplicative
group of real numbers exhibited by 2.2 is so important that it seems
worthwhile to look systematically for other fields sharing this property.
(As always in this book, fields are commutative by definition.)

Let us consider a few examples, starting with the complex numbers.
There, the exponential function is not injective. In fact, the multiplica-
tive group C* contains a group isomophic to R*/Z (see 1.20), which has
a large torsion subgroup Q*/Z (see 1.24ff). Hence, C* is not isomorphic
to the torsion free group C* or to C* @ 5, nor to any subgroup of these
groups.

The rational numbers form another negative example. Indeed, the
additive group Q7 is locally cyclic (1.6c), and Q* is not. (In fact, Q*
is a direct sum of Cy and a countably infinite number of infinite cyclic
groups; compare 32.1.)

Both examples seem to indicate that the isomorphism 2.2 is a rare
phenomenon for fields in general. However, the exact answer depends
on how we make our question precise. The following result answers a
rather coarse form of the question.

2.3 Proposition There is no (skew) field F such that the additive
group F'T is isomorphic to the entire multiplicative group F*.

Proof We prove this by counting involutions. An involution in a group
is an element g of order 2, i.e., g # 1 = ¢? in multiplicative notation or
g # 0 = 2g written additively.

The non-zero elements of the additive group F'T of a field F' all have
the same order, depending on the characteristic char F'; compare 64.4.
This common order is equal to char F' if char F' is a prime, and infinite if
char ' = 0. Thus, F'* contains involutions only if char F' = 2, and then
all elements except 0 are involutions.
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On the other hand, if s € F* is an involution, then (s — 1)(s + 1) =
5?2 —1 = 0. This equation has either no solution s # 1 (if char F' = 2)
or one such solution (if char F # 2). In both cases, the numbers of
involutions do not match. O

This was disappointing, so we modify our question and ask for pairs of
fields F', G such that F'T is isomorphic to G*. To formulate the answer
in the finite case, we need a number theoretic notion.

2.4 Definition: Mersenne primes A prime number of the form
p=2F—1,k €N, is called a Mersenne prime. Of course, 28 — 1 is
not always prime. A necessary (but not sufficient) condition is that the
exponent k be prime. Indeed, for £ = mn, we have

2k —1 =2k ok o ok 9n 1)

More information on Mersenne primes, including references, will be given
in 32.10.

2.5 Example Let ¢ be a prime power. We denote by F, the unique
finite field of order ¢ (for a proof of uniqueness see COHN 2003a 7.8.2,
JACOBSON 1985 p. 287 or LANG 1993 V 5.1). We have

+ ~ X
]F;D _Fp-i-l

if p =2 or if p is a prime such that p+1 is a power of 2; in the latter case,
p is a Mersenne prime. Indeed, the conditions ensure that fields of the
given orders exist; moreover, the two groups have the same order, and
they are both cyclic (the multiplicative group of a finite field is always
cyclic; see Exercise 1 of Section 64).

2.6 Theorem The pairsF,, IF,;1 where p = 2 or p is a Mersenne prime
are the only pairs of fields F', G such that char F' # 0 and F* = G*.

Proof Let p = char F', and note that F'™ contains at least p — 1 non-zero
elements, all of order p, while G* cannot have more than p — 1 elements
of order p (the solutions x # 1 of 2P — 1 = 0). Now F* = G* implies
that F' =F, and G = Fp ;. ]

In order to formulate a first result for the case char FF = 0, we need
the following.

2.7 Definition We say that a multiplicative group (A4, ) has unique
roots if the mapping a — a™ is a bijection of A for all n € N. This
is just the equivalent in multiplicative language of the notion of unique
divisibility (1.7). We say that a field has unique roots if its multiplicative
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group has this property. Note that only fields of characteristic two can
have unique roots, because (—1)? = 12 in any field.

2.8 Proposition Given a field G, there exists a field F' of characteristic
zero such that F* = G* if, and only if, (char G = 2 and) G has unique
roots.

Proof If char F' = 0, then F' is a vector space over its prime field Q,
hence the additive group F'T is uniquely divisible. Thus, a necessary
condition for the existence of F' is that G has unique roots. Conversely,
assume that this is the case. Then G* is isomorphic to the additive
group of a rational vector space V; see 1.9. Both this vector space and
its additive group are determined, up to isomorphism, by the cardinality
card B of a basis.

If this cardinality is finite, say card B = n, then we take F' to be an
algebraic extension of degree n over Q (e.g., F' = Q(¥/2)) to ensure that
F* =~ G*. If card B is infinite, then we use a purely transcendental
extension F' = Q(T) (compare 64.19), where card T = card B. In order
to prove that F* = VT = G*, we have to show that dimgQ(T) =
card T if T is infinite. This is proved in 64.20. |

Proposition 2.8 raises the question as to which uniquely divisible
groups occur as the multiplicative groups of fields. This question is
answered completely by CONTESSA et al. 1999 5.3 and 5.5; they show
that a uniquely divisible abelian group A is the multiplicative group of
some field if, and only if, the dimension of A as a vector space over Q is
infinite. These groups also occur as the additive groups of fields, as we
have shown in 2.8.

Here we shall be content to give examples of fields G’ having unique
roots. The following lemma allows us to obtain roots in the power series
ring F[[t]], which is defined in 64.22.

2.9 Lemma Let F be a field. If m € N is not a multiple of the
characteristic of F', then every element a € 1+ tF[[t]] admits an m"
root ¢ € 1 + tF[[t]], that is, ¢™ = a.

Proof Put ¢g = 1. Then ¢j* = 1 = amod ¢; in general, a congruence
x = y mod t" means that ¢" divides x — y in the ring F[[t]].

Assume that we have found elements c¢g,cy,...,c_1 € F such that
Py = amod tF, where py_1 1= Zf:_ol c;t'. Then

P, = a+ bt* mod t"!

for some b € F. By our assumption on m, we can define ¢, € F by



18 Real numbers

mep = —b. We show that the polynomial py := pr_1 + citF satisfies
P = a mod 1.

We have pp_1 = ¢y = 1 mod ¢, which implies p;cn__ll = lmodt and
p’,:‘:lltk = t* mod t**1. Therefore the following congruences mod t**!
hold:

pr = (Pr—1 + cktk)m =pit,+ mckpzl:lltk =a+ btk — bpzljlltk =a.

Now the formal power series ¢ := Y, ¢;t* satisfies the congruences
™ —a=p", —a=0modt* for every k € N, hence ¢™ —a = 0. |

We shall now apply this lemma to fields of Puiseux series F((tl/oo))
as introduced in 64.24, in order to produce examples of fields having
unique roots. A Puiseux series is a formal sum

a= Zizk a;t/m
where n € N, k € Z, and the coefficients a; belong to a given field F'.

2.10 Theorem If F' is a field (necessarily of characteristic 2) which has
unique roots, e.g., F = Fy, then the field F((t'/>)) of Puiseux series
has unique roots, as well.

In particular, the multiplicative group of F((t'/>°)) is isomorphic to
the additive group of some other field, by 2.8.

Proof (1) Each non-zero Puiseux series can be written uniquely as a
product at”"(1+b), where a € F*, r € Q and b is a Puiseux series which
involves only powers of ¢t with positive exponents, i.e., b € t'/"F[[t'/"]]
for some n € N.

The Puiseux series of the form 1 +b =1+ Zi>1 bt/ with b; € F
form a subgroup of the multiplicative group F((t'/°°))* (note that the
geometric series Y, b = (1+b) ! makes sense and shows that (1+b)~!
is again of that form; compare also 64.24), and F((t'/>°))* is the direct
product of F*, t€ and this subgroup.

Therefore it suffices to examine these three factors separately. The
element a € F* has unique roots by our hypothesis, and ¢"/™ is the
unique mth root of ¢". It remains to show that 1+b=1+ 3, b;jt!/"
has a unique mth root for every m € N, and we may assume that m is
a prime number.

(2) If m # 2 = char(F'), then the existence of such a root is a con-
sequence of Lemma 2.9, since the subring F[[t}/"]] of F((t}/>)) is iso-
morphic to the power series ring F[[t]]. For m = 2 we compute directly
that (1 + >4, vBit/ )2 =1 +0b.
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m

(3) For the proof of uniqueness, it suffices to show that 1 = (1 +b)
implies b = 0. Assume that b # 0 and let k :=min{i e N|b; 20} > 1.
By binomial expansion we have

L=(14+bm =1+ (7)b+ - +b"=1+mbth/m + >, cit!/"

with ¢; € F. We obtain mby, = 0 # by, hence m =2 and 1 = (1 + b)? =
1+ b2, a contradiction to b # 0. O

2.11 Corollary The multiplicative group of the field F = Fy((t'/*°))
is isomorphic to the additive group R¥.

Proof By 2.10, the group F'* is divisible and torsion free. Moreover
FY C F C Fg, hence card F = 2% = cardR. Now 1.14 gives the
assertion. |

Using different methods (compare 2.12), this was shown by CONTESSA
et al. 1999 5.6 (Moreover they prove that, in contrast, the additive group
of rational numbers is not isomorphic to the multiplicative group of any
field, loc. cit., 5.3).

Furthermore the fields F' = Fo((Q™)) and F' = F((R)) of Hahn power
series (see 64.25) have the property that F* = R™.

The field Fo((t/°)) of Puiseux series is not an algebraic extension of
[y, as t is transcendental. In fact, a proper algebraic extension of Fs
contains finite subfields distinct from Fs, hence it contains non-trivial
roots of unity. However, we show next that it is possible to obtain fields
having unique roots by algebraic extension from fields containing no
roots of unity. The result is taken from CONTESSA et al. 1999 4.3.

2.12 Theorem Let L be a field of characteristic 2 that does not contain
any non-trivial roots of unity. If L is not the prime field F5, then there
is an algebraic extension field M of L that has unique roots.

For example, the field L may be any purely transcendental extension
of FQ.

Proof The problem is to adjoin roots of all degrees for every a € L~{0,1}
without adjoining any root of unity. Consider an algebraic closure L°
and the collection M of all fields F' with L < F < L such that F does
not contain any non-trivial root of unity. The union of every chain in M
belongs to M. By Zorn’s Lemma, there is a maximal element M € M,
and we proceed to show that M contains a pth root of a for every prime
p and every a € M. We may assume that a ¢ {0,1}. Our claim is a
consequence of maximality together with the following lemma. O
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2.13 Lemma Let M be a field of characteristic 2 that does not contain
any non-trivial roots of unity. Suppose that the polynomial q(z) = 2P —a
has no root in M for some prime p and some a € M ~ {1}, and consider
the algebraic extension M () by a root ¢ of q(x). Then M (9) does not
contain any non-trivial roots of unity.

Proof (1) Suppose that p = 2 and that for some b,¢c € M, the element
n=b+c € M(9) satisfies n* = 1, where k > 1. Then n? = b + ?9? =
b2 + c%a € M as we are in characteristic 2. Since n?* = 12
M does not contain any roots of unity other than 1, we conclude that
n? = 1 and, hence, that » = 1. For the remainder of the proof, we may
assume that p is odd.

(2) We claim that the polynomial ¢(z) is irreducible over M (compare
COHN 2003a 7.10.8 or LANG 1993 VI §9). The roots of g(x) in M®
are of the form ¢, ¥, where (o, (i,...,(p—1 are the pth roots of unity in
M?". 1f g(x) splits over M as g(z) = r(z)s(z), then r(x) is a product
of some linear factors x + (, ¥, hence the constant term b € M of r(x)
has the form 69*, where 0? = 1 and 0 < p < p. We have b? = a”,
and Bézout’s Theorem 1.5 provides m,n € Z such that mu + np = 1;
this yields a = a™# TP = p™Pa"P  hence b™a™ € M is a root of ¢(z), a
contradiction.

We have shown that the degree [M (9) : M| equals the prime p, hence
the degree formula 64.2 implies that there are no fields properly between
M and M (99).

(3) Suppose that M (¥) contains some root of unity 7 # 1. Let k > 1
be the multiplicative order of . Then 2% — 1 = Hf;ol(x —n%). Thus,
M(n) C M(¥) is the splitting field of the polynomial 2* — 1 and is
a normal extension field of M; see 64.10. Now step (2) implies that
M(n) = M(¥); therefore, ¢(z) splits into linear factors in M («}), and the
linear factors are as shown in step (2). It follows that M (¢) contains
all pth roots of unity (o, ¢1,...,(p—1. We have (; # 1 for some index 1,
otherwise P — 1 = (z — 1)? in M[z], which leads to the excluded case
p = 2. As before, we conclude that M(¢;) = M(¢¥), but the minimal
polynomial of ¢; over M divides P~ ! + 2P~2 + ... + 1 and hence has
degree less than p, a contradiction. O

and since

The reader may feel that we still have not treated the ‘right’ question.
We are looking for fields whose behaviour is similar to that of the real
numbers — but R is not isomorphic to R*. To come closer to the real
case, we should consider ordered fields F' (necessarily of characteristic
zero) whose additive group is isomorphic to the multiplicative group
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of positive elements. For the notion of an ordered field, compare 11.1.
We shall not determine all fields having the above property, but the
groups appearing as F+ and pros for the same ordered field F' will be
determined up to isomorphism. The following result was presented by

G. Kaerlein at a conference at Bad Windsheim, Germany, in 1980.

2.14 Theorem For an abelian group (H,+), the following conditions
are equivalent.
(a) H is uniquely divisible and the dimension of H as a rational vector
space (compare 1.9) is infinite.
(b) H is a direct sum of infinitely many copies of Q7.
(c) There is an ordered field F such that H = F+ = FX

pos*

Proof (1) We know from Section 1 that conditions (a) and (b) are equiva-
lent, so we have to show that they are necessary and sufficient for (c).

(2) Necessity. An ordered field F has characteristic 0, hence F is a
vector space over its prime field Q, and F'" is uniquely divisible. We have
to show that dimg F' is infinite. Now F = F'* has unique roots. This
implies that F' contains elements that are algebraic over QQ of arbitrarily
large degrees, and dimg F is an upper bound for these degrees (see 64.5),
hence dimg F' is infinite.

(3) Sufficiency. As in the proof of 2.8, we find a purely transcendental
extension Q(T") whose additive group is isomorphic to H, and we proceed
to turn Q(7") into an ordered field. We use a total ordering of the
transcendency basis T" and define a lexicographic ordering on monomials:
For t; > --- > t;, and integers n; > 0, m; > 0, we set ¢ ...t}% >
t7" ...t " if, and only if, there is an index 7y such that n; = m, for ¢ < ig
and n;, > m;,. A polynomial in the indeterminates ¢ € T' is positive by
definition if the coefficient of the largest monomial is positive. A quotient
of two polynomials is said to be positive if either both polynomials are
positive or both are negative. The proof that this makes the field of
fractions Q(T") an ordered field is left to the reader.

From the fact that the field Q(7') is ordered, we deduce that it is
formally real; see 12.1. By 12.16, it has an algebraic extension F' that is
real closed. Now 12.10(ii) together with 7.3 yields that FX_ has unique

pos

roots. The cardinality of F' is the same as that of Q(T'); see 64.5. Again
the arguments of the proof of 2.8 show that F* = H = FX . ]

Remembering that the real exponential function is monotone, we may
sharpen the previous question once again. We can ask for ordered fields

such that F™ and F% are isomorphic as ordered groups. This leads
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to the notion of exponential fields. The question, which belongs to the
realm of ordered fields, will be discussed in Section 11; see 11.10.

Exercises

(1) Supply the details for the proof of 2.14 by proving that the definition given
there turns a purely transcendental extension Q(7") into an ordered field.

(2) The group RT has infinitely many extensions by the cyclic group Cs of
order 2. Only one of them is commutative.

3 The real numbers as an ordered set

There is an ordering relation (or order) < on the set of real numbers,
which makes R a chain (or totally ordered set). This means that for
r,s € R, precisely one of the relations r < s, s < r, s = r holds. In
addition, we have the usual ‘transitivity’ property of an ordering: r < s
and s < t together imply r» < t. The following examples explain our
notation for intervals in a chain C':

[a,b]={ceCla<c<b}
la, [={ceCla<c}.

We note that the ordering induced on an interval [n,n + 1] between
consecutive integers coincides with the lexicographic ordering obtained
by comparing binary expansions.

The following notions will be used to characterize the chain R of real
numbers and its subchains Z (the integers) and Q (rational numbers).
In a later chapter, this will be applied in order to characterize the topo-
logical space of real numbers; see 5.10.

3.1 Completeness, density, separability A chain C (or its ordering)
is said to be complete if every non-empty subset B C C which is bounded
above has a least upper bound (or supremum) sup B. The chain of real
numbers is complete. In fact, the usual way to obtain the real numbers
is by completion of the rational numbers. Compare 42.11 and 44.11.
The idea of completion will be studied thoroughly in Chapter 4.

A subset A of a chain C' is said to be coterminal if A contains lower
and upper bounds for every ¢ € C. A coterminal subset A C C' is said
to be weakly dense in C' if every ¢ € C satisfies c = inf{a € A|c<a}
and ¢ =sup{a € A|a < c}. Thus A is weakly dense in the chain C' if,
and only if, for all ¢; < c¢o in C there exist elements a1, as,a3,a4 € A
such that a1 < ¢; < ag < az < co < aq. This implies that every closed
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interval [c, d] of C' with ¢ < d contains an element of A. For the purposes
of the present section, the latter condition would suffice, but in Sections
41 and 42 we shall need the notion of weak density as defined here.

A subset A C C is called strongly dense if for all pairs ¢ < d in
C, the set A contains elements x,y,z such that z < ¢ < y < d < z.
For example, the rational numbers form a strongly dense subset of R.
Observe that a strongly dense subset of C' is infinite unless C' has only
one element. Note also that strong density implies weak density.

If A is strongly dense in C, then C has no extremal (smallest or
largest) element and does not contain any gaps, i.e., there is no empty
open interval Je,d[. If A is only weakly dense, then extremal elements
may exist, but they have to belong to A, and gaps ]c, d[ may exist, but
then ¢ and d must belong to A. On the other hand, if ¢, d[ is non-empty,
say x € |e,d[, then [z, d] must contain an element of A.

A chain C is called weakly or strongly separable if it has a weakly or
strongly dense subset A, respectively, which is at most countable. The
density of Q implies that R is strongly separable.

3.2 Topology induced by an ordering Every chain C is a topo-
logical space in a natural way. The topology induced by the ordering or
order topology of C is the smallest topology such that all open intervals
(including Ja, [ and | ,a[) are open sets. In this topology, a set is open
if, and only if, it is the union of (perhaps infinitely many) open intervals.

Let us compare the notions of density for chains to their topological
analogues. In a topological space X, density means that every non-
empty open set of X contains an element of A. In a chain, an open
interval can be empty. Therefore, a subset can be dense in the topology
induced by the ordering without being strongly dense in the chain. For
example, the pair of chains Z C Z is topologically dense and weakly
but not strongly dense, and the pair ]0,1] C [0, 1] is topologically dense
but not even weakly dense. Conversely, weak density implies topological
density, because only non-empty open intervals are involved. Thus we
have the implications

strongly dense = weakly dense =- topologically dense,

none of which is reversible.

A topological space X is said to be separable if it has a countable dense
subset A, and similar remarks as above hold for this notion. Thus, Z is
a separable topological space, but not a strongly separable chain; it is,
however, weakly separable.
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The following is a standard fact.

3.3 Proposition For a chain C, the following two conditions are equiva-
lent.
(1) The topology induced by the ordering of C' is connected.
(2) The chain C is complete, and each pair ¢ < d in C defines a non-
empty interval |c, d|.

The condition about intervals is satisfied if C' is strongly dense in
itself, but it does not exclude the existence of a largest (or a smallest)
element.

Proof Suppose that condition (2) is violated; we show that C is not
connected. If the interval ]e,d[ is empty, then C is the disjoint union
of the two open sets | ,d[ and ]¢, [, and is not connected. On the other
hand, if C' is not complete, let A C C be a bounded subset without a
supremum. Then the set B of all upper bounds of A is open, as well as
the union U of all intervals | ,a[, a € A. The sets U and B are disjoint
and cover C.

Next suppose that (2) is satisfied; we show that C' is connected. Thus
we assume that C is the disjoint union of two non-empty open sets
U, V, and we derive a contradiction. There are elements a € U and
b € V, and we may assume that a < b. We consider the bounded set
B obtained as the union of all intervals | ,u[, where u € U and u < b.
We show that every open interval I containing s = sup B meets both
U and V, contradicting the assumption that one of these disjoint open
sets contains s.

We prove that I NV is non-empty. We may assume that s < b, and
then the non-empty set |s, b[ does not contain any u € U; or else, |s, u]
would be contained in B, contrary to the definition of s.

Finally, I contains some interval ]c, s], which in turn contains some
element x € B. By definition of B, there is an element u € U such that
x < u < b; in fact, u < s because we have seen that ]|s,b] C V. Thus,
welnU. O

We say that map ¢ : C — C’ between two chains preserves the order-
ing, or is order-preserving, if for all x,y € C such that x < y one has
p(z) < p(y). Note that such a map need not be injective. An order-
preserving map ¢ is injective precisely if z < y implies ¢(x) < p(y).

An order-preserving bijection ¢ : C' — C’ is called an order isomor-
phism; if such a bijection exists, then the chains C' and C' are called
order isomorphic.
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The following characterization of the chain Q is due to CANTOR 1895
89; compare HAUSDORFF 1914 p. 99, BIRKHOFF 1948 p. 31. It is a
crucial step in the proof of the subsequent characterization of R.

3.4 Theorem A chain A is order isomorphic to the chain Q of rational
numbers if, and only if, A is countable and strongly dense in itself.

Proof Clearly, Q has the properties mentioned. Conversely, suppose
that A has the same properties. We use enumerations ai,as,... and
q1, 9o, ... of A and Q, respectively, in order to construct an order iso-
morphism f: A — Q via induction.

We set out by defining fi(a1) = ¢1 and A; = {a1}, Q1 = {¢1}. We
define two sequences of subsets 4,,, C A and Q,, C Q, both of cardinality
m, and order isomorphisms f,, : A, — Q,,. Alternatingly, we perform
two different inductive steps, each time adding single elements a,, and
qv to the sets A,, and Q,,, respectively, and at the same time extending
fm to an isomorphism A,,+1 — Qp41. If m is odd, we choose v to be
the smallest number such that g, ¢ Q,,. By strong density of A, there is
an element a,, € A~ A, such that the desired extension is possible, and
we insist that g be chosen minimal in order to make a definite choice. If
m is even, we interchange the roles of A and Q; in other words, we begin
by choosing a, ¢ A,, with v minimal, and then select ¢, such that the
extension of f,, is possible and p is minimal. This alternating strategy
together with the minimality condition for v ensures that every element
of A and of Q is used at some point, hence by taking unions we obtain
a bijection A — Q which preserves the ordering. O

The basic idea of this proof can be used to show that the chain Q
embeds into every chain A that is dense in itself. The direction of the
map f is of course reversed, and it is not necessary to alternate the roles
of A and Q. Instead of an enumeration of A, one uses a well-ordering.

3.5 Theorem The following conditions are mutually equivalent for a
chain R having more than one element.
(a) R is order isomorphic to the chain R of real numbers.
(b) R is strongly separable and complete.
(c) R is strongly separable and the topology induced by the ordering of
R is connected.

Proof We know that (b) and (c) are properties of the real numbers, and
we proved in 3.3 that (b) and (c) are equivalent. We shall finish the
proof by showing that a complete strongly separable chain R can be
mapped order isomorphically onto the chain R. By strong separability,



26 Real numbers

R contains a countably infinite chain A that is strongly dense in R and,
hence, in itself. By 3.4, there is an order isomorphism f: A — Q. We
show how to extend f to an order isomorphism R — R.

Given r € R, let A, := {a € A| a < r} and choose b € A such
that b > r. Then f(4,) < f(b) is a bounded subset of the complete
chain R, and we may define f(r) := sup f(A,). This map extends the
given one, and it has an inverse, defined in the same way; note that
r = sup A,.. Moreover, f preserves the ordering. Indeed, if r < s, then
F(Ar) C f(Ay), hence f(r) = sup f(4,) < sup f(4y) = £(s). 0

Note that the same arguments prove that a chain is isomorphic to a
subchain of R if, and only if, it is weakly separable; compare BIRKHOFF
1948 p. 32.

3.6 Definition A chain is said to be homogeneous, if its group of
automorphisms is transitive, that is, if every element can be mapped
onto every other one by an automorphism.

Examples of homogeneous chains are Z (the integers), Q (rational
numbers), and R (real numbers). For two of these examples, we have
the following characterization, taken from BIRKHOFF 1948 III.8.

3.7 Theorem Let C be a chain that is complete, homogeneous, and
weakly separable as defined in 3.1. Then C' is order isomorphic to the
chain 7Z of integers or to the chain R of real numbers, or C' has only one
element.

Proof (1) If C has a smallest or largest element, then C is a singleton
by homogeneity. Henceforth, we assume that this is not the case.

(2) Assume that every interval |a,b] with a < b is non-empty. This
case leads to the real numbers. Indeed, ]a, b[ contains a closed interval,
and weak separability of C' implies strong separability, whence we may
apply Theorem 3.5.

(3) If a < b and Ja,b[ = (), then every element of C' has an upper
neighbour and a lower neighbour, by homogeneity. Inductively, we may
construct an isomorphism of Z onto a subchain Z C C' by insisting that
the ‘upper neighbour’ relation be preserved. This subchain cannot be
bounded, because its supremum or infimum could not have any lower
or upper neighbours, respectively. Therefore, every ¢ € C' must coincide
with its least upper bound in Z. It follows that Z = C', and the proof
is complete. a

We remark that R contains other subchains with rather strange prop-
erties: VAN MILL 1992 constructs an example of a homogeneous subchain
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X C R which is dense in itself and 7igid in the sense that the identity is
the only automorphism fixing a point; the automorphism group of X is
then sharply transitive on X.

A striking characterization of the real line is obtained in GUREVICH—
HoLLAND 1981; compare also GLASS 1981. They prove the existence of
a formula in the elementary language of groups such that R is the only
homogeneous chain whose automorphism group satisfies this formula.

There is a similar result for the chain of rational numbers, but with
a difference. The chain of real numbers is obtained from the chain of
rational numbers by completion (see 42.11), hence the automorphism
group of the chain Q can be identified with the group of all automor-
phisms of R that leave QQ invariant. The same argument holds for the
chain R\ Q of irrational numbers, hence the chains Q and R\ Q cannot
be distinguished by properties of their automorphism groups.

3.8 Souslin’s problem A weakly separable chain C' satisfies Souslin’s
condition (also called the countable chain condition, SOUSLIN 1920):
there is no uncountable set of pairwise disjoint, non-empty open intervals
in C'. Indeed, each of those intervals would contain an element of a fixed
countable dense subset of C.

It has been conjectured that this condition is equivalent to topological
separability (Souslin’s hypothesis; see BIRKHOFF 1948 II1.8, ALVAREZ
1999). Then we would obtain a variation of the preceding character-
ization of R (Theorem 3.7) with the Souslin condition in place of weak
separability. It turned out soon that Souslin’s hypothesis cannot be
decided on the basis of a ‘weak’ set theory. Later, it was even shown
that there are models of set theory satisfying the axiom of choice and the
generalized continuum hypothesis (see 61.16), where Souslin’s hypothesis
is false (TENNENBAUM 1968 and RUDIN 1969).

The Souslin hypothesis is equivalent to the non-existence of Souslin
trees, which are defined as follows. A Souslin tree is a partially or-
dered set (T, <) of cardinality N; such that (1) for each = € T, the set
{y € T |y <z} is well-ordered with respect to <, and (2) if X C T
is a chain (totally ordered by <) or an antichain (containing no pair of
<-comparable elements), then Y is at most countable. For more infor-
mation on the Souslin problem, see DEVLIN-JOHNSBRATEN 1974. In
his article, FELGNER 1976 treats the Souslin hypothesis in the context
of ordered algebraic structures. Among other things, he proves that
an abelian ordered group that is dense in itself and satisfies Souslin’s
condition is separable. He also obtains some negative results.
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Exercises

(1) Leaving the given ordering unchanged, split each real number z into a pair
{z,4} with * < . Compare the properties of the chain R of the split reals
with those of R.

(2) Consider the set R? with lexicographic ordering, that is, (z,y) < (u,v)
means that 2 < u or (x = u and y < v). Is there an injection R? — R which
preserves the ordering?

4 Continued fractions

Continued fractions are a useful tool for a better understanding of the
embedding of Q into R, the approximation of irrational numbers by
rational ones, the topology of R \ Q, and related phenomena. The
booklet by KHINCHIN 1964 gives an easy introduction to the subject;
see also Chapter 5 of NIVEN 1956, Chapter X of HARDY—WRIGHT 1971,
or the more recent text by ROCKETT—SzUsz 1992.

4.1 Definition For each real number (, the process (x) defined by the
conditions

C=C=co+1/C, c0€Z, 1< =c,+1/Cy1, ¢, ENforv>0

uniquely determines the (finite or infinite) sequences of integers ¢, and
real numbers (,. If ¢ ¢ Q, then none of the ¢, is rational, and the
process () does not terminate. For ¢ € Q \ Z, however, (; = aj/as
is a quotient of two coprime natural numbers and the ¢, are given by
the Euclidean algorithm a, = c,a,41 + ay42 with a, > a,41 € N.
Hence (x) stops at some finite index n with ¢, = ¢,, and one obtains a
representation of ¢ as a finite continued fraction
1
[003017027”-7071}::00"‘ 1 = Pn/n
S T
Co + 71

e =
C7l

where p, € Z and ¢, € N are integers without common factor. For
¢ ¢ Q it will be seen below that the rational numbers p,, /¢, converge to
¢ in a particularly nice manner.

The definition of [co;c1, ¢, ..., ¢, | makes sense also if ¢, > 1 is an
arbitrary real number.

4.2 Observe that [cp;cq, ..., chq1] is obtained from [co;e,...,cn] by
writing ¢, + 1/¢,41 in place of ¢,. Let pro forma p_; =1, g1 = 0
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and put pg = cg, go = 1. Then the following recursion formulae can be
proved by induction:

Pv+1 = Cu4+1DPv + Pv—-1, Qv+1 = Cuv+19v + qv—1

and Pv+1qy — P41 = (_1)U .

()

In fact, if (}) is true for smaller indices, then

Pv+1 (cv + C;iﬂp,,,l + P2 _ by +pu71/cu+1 _ Cut1Py T Pu—1

qv+1 (CV + C;-|1-1)QV71 +qv_2 B Qv + qyfl/cy+1 Cu+1Qy + qv—1 .

The last part of (1) follows inductively from the first. It shows that p,
and ¢, are indeed coprime.
Equivalently,

v Pv-1) _ [Co 1 C1 1 Cv 1
(qu qul)_<1 ><1 ) <1 ) W
The determinant of (f) yields the last part of () once more. For later
use, we rewrite this as
PG = Pv—1/q—1 = (=1)""/quqp—1 .

Note that for v > 1 the g, form a strictly increasing sequence. Moreover,
again by induction, ¢, /q,—1 = [¢v;cp—1,...,C1].
The recursion formulae can also be expressed as follows: if

C1 1
-1 C2 1
-1 C3 1
ClaCQa'“acU': 5
-1 Cpy—1 1
-1 ¢,
thenpl/:|c(]acla"'7cl/‘ and qv = |617027"'7CV|‘

4.3 Convergence If ( € R\ Q, if the ¢, are defined by (x), and
if [eo;e1y.--5en] = Sn, then so, < ¢ < s2,41 : in fact, we have
¢=lco;c1y--5n-1,Cn], and continued fractions are monotone in each
variable, increasing for even indices, decreasing for odd indices. In 4.2
it has been shown that so,411 — s2, = 1/qap+1¢2, < qQ_l,2 < (2v)72 con-
verges to zero. Hence the s, converge alternatingly to (, and one may
write ¢ as an infinite continued fraction ¢ = [cp;c1,ca,. .. ]

For an arbitrary sequence (c,), € Z x NN, let 5, = [co;c1,...,0,] =
P, /q, as before. Then again |s,,1 — s,| < ¢, 2, and the approzimating
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fractions s, converge to some real number . If p/q is any approximating
fraction, then 0 < |gy—p| < ¢~ *
a dense subgroup of (R,+) and ~ is irrational; see 1.6a. Moreover, the
process (x) applied to v produces the sequence (¢, ),. This follows by in-
duction, using the obvious fact that [co;c1,c2,...] = co+[c1;e2,...]7 L

4.4 Example If ¢ = /3, then ¢ = (V3 -1)"' = (V3+1)/2, & =
2(v/3-1)"t =341, = (1, {4 = (2, and hence ¢ = [1;1,2,1,2,1,...],
s7 = 97/56, sy — /3 < 107%. Conversely, let z = [0;1,2,1,2,...]. Then
z=1/(1+1/(2+2)) =(2+2)/(2z+3), hence (2 + 1)? = 3.

, as we have seen. Thus 1 and v generate

4.5 Remark The example is a typical case of the following theorem:
A continued fraction ¢ = [cp; 1, Ca, . . .] is finally periodic if, and only if,
Q(e) is quadratic over Q; see KHINCHIN 1964 §10 or ROCKETT-SZUSz
1992 Chapter III for proofs.

4.6 Theorem (Hurwitz 1891) One of any three consecutive approx-
imating fractions satisfies even | — p,/q,| < (V5¢,2) -

For a proof see KHINCHIN 1964 §7 Theorem 20 or ROCKETT—SZUsZ
1992 p. 80; compare also BENITO-ESCRIBANO 2002 and Exercise 3.

The approximation of real numbers by rational numbers has been
studied by many mathematicians, including Thue, Siegel, Dyson, Gel-
fond and T. Schneider. The following famous result says that only trans-
cendental numbers admit many rational approximations that are better
than 4.6. This result is due to ROTH 1955 (see also ROTH 1960 and, for
a detailed proof, CASSELS 1957 Chapter VI).

4.7 Theorem (Roth 1955) For any real algebraic number « and any
real number pu > 2, there are only finitely many rational numbers p/q
such that | —p/q| < ¢~ *.

In contrast, for y < 2 and every irrational number « there are infinitely
many rational numbers p/q such that |a — p/q| < ¢~#. This can be
obtained for instance by expanding « into a continued fraction; see 4.3.

4.8 Ordering For infinite continued fractions a and b, the alternating
lexicographic ordering

<b € 27
a<h= SN . n=p(a,b) =min{v>0]a, #b,},
ay > by A p ¢ 27

gives the usual ordering of the irrational numbers; it can be extended
to the rationals by writing [co;c1,...,¢n] = [cojc1,. -+, Cn,00], where
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R < oo. Thus, mapping [co; ¢1, Ca, . .. ] to its limit is a homeomorphism
of the set of all infinite continued fractions onto the set J of the irrational
reals with respect to the order topologies.

4.9 Proposition A lower bound for the distance of an irrational
number ¢ and an approximating fraction is given by |¢ — p,/q.| >

QJl(QV + qy+1)71'

Proof Let ¢ = [co;c1,¢2,...]. If v is an even integer, then p,/q, =
[cosery. ey ] < ¢ =Jcose1y---¢,Cur1]. The interval [p,/q., ¢] con-
tains the number [cg;cy, ..., ¢y, cp11 + 1], which by 4.2(7) is equal to
(pv+1 + pv)/(qu+1 + @), and the assertion follows. The odd case is
treated analogously. O

Now we explain how continued fractions can be used to describe the
topology of 7 = R\Q.

4.10 Topology Consider the set of all infinite continued fractions as
a subspace of the (Tychonoff) power ZY, where Z carries the discrete
topology. This means that a typical neighbourhood of [cg;eq,ca,. .. ]
consists of all x = [zg;x1,22,...] such that z, = ¢, for K < m and
some natural number m. If m is even, this is equivalent to

[coseryevvyem] <a <[coiery..yCma1yCm+1];

analogous relations hold for odd m. Therefore, Z" induces the same
topology as the ordering, and J is homeomorphic to Z x NN. As both
Z and N are countable, discrete spaces and hence Z = N, the space J is
also homeomorphic to NV,

4.11 Metric The discrete topology on the v factor of ZN is given by
the metric d, that has only the values 0 and 1. The space Z" is then
easily seen to be complete with respect to the metric d = ), 27"d,;
note that d induces the product topology on ZN. Together with 4.10,
this yields a complete metric for the subspace J of R.

Remark A more general sort of continued fractions (with numerators
b, instead of 1) is discussed in BEARDON 2001.

Exercises
(1) Let [0;c1,...,¢0] = pv/q with integers p,,qp € N and v > 4. Then
¢ >5-(3/2)"* and qu_1q, > 6-(5/2)" 3.
(2) Show that p,qv—2 — Pv—2q» = (—1)"cs.

(3) Prove that one of any two consecutive approximating fractions for an
irrational number ¢ satisfies |¢ — p/q| < (2¢*) "
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5 The real numbers as a topological space

The chain R can be endowed with the topology induced by the ordering
(see 3.1), and thus becomes a topological space. The open intervals form
a basis of this topology; in other words, every open set is a union of open
intervals. The same topology can be generated by the metric d(z,y) =
|z — y|. This means that the open balls U.(y) = {z € R | d(z,y) < €}
for all y € R and all ¢ > 0 form a basis, as well.

Like every metric space, R is a Hausdorff space, i.e., every two points
possess disjoint neighbourhoods. In particular, each point r € R forms
a closed set, and R is a Ty-space. In passing, we mention some stronger
consequences of being metric, namely, normality and paracompactness;
see, for example, DUGUNDJI 1966 Section IX.5.

Density of the rational numbers in the chain R (see 3.1) implies that
each point in U (y) belongs to some ball U,.(¢q) contained in U.(y) and
having rational centre ¢ and rational radius r. In other words, we have
found another basis for the topology of R consisting of countably many
open sets. This property is stronger than separability (existence of a
countable dense subset in the topological sense, see 3.2; the rational
numbers form such a set). Whenever we speak of the real numbers as
a topological space without further specification, we mean this ‘natural’
topology. We record the properties just recognized.

5.1 Proposition The topological space R of real numbers has a count-
able basis; in particular, R is separable. O

We call a topological space compact, if every covering of the space by
open sets contains a finite subcovering; the Hausdorff separation prop-
erty is not required.

In order to determine the compact subsets of R, we characterize the
chains that are compact with respect to their order topologies. We call
a chain bounded if it has a smallest and a greatest element. A chain that
is both bounded and complete is unconditionally complete, i.e., every
non-empty subset has a least upper bound and a greatest lower bound.

5.2 Theorem A chain C is compact with respect to the topology
induced by the ordering if, and only if, it is unconditionally complete.

Proof Suppose that C' is compact. In search of a least upper bound of a
non-empty set A C C, we consider a set of open subsets of C, consisting
of the intervals | , a[ for all a € A together with the intervals |b, [ for all
b > A. Note that an element of C' not contained in any of these intervals
is a least upper bound of A. Therefore, we may assume that we have
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constructed an open cover of C'. There is a finite subcover, and then in
fact C =] ,ao[U ]by, [ However, neither of the two intervals contains
ap, which is a contradiction. Similarly, A has a greatest lower bound.
Now suppose that C is unconditionally complete and let U be an
open cover of C'. We have to show the existence of a finite subcover.
The smallest element s € C' belongs to some U € U, and U contains an
interval [s,z[. A fortiori, this interval can be covered by finitely many
sets from U, and the non-empty set X of all 2’ sharing this property has
a least upper bound y. This element, too, belongs to an open interval I
contained in some set V € U. That interval I is contained in X, because
we can add V to some finite cover of [s,t[ for ¢ € I N X. It follows
that y € X and that y must be the greatest element of C, or else we
would have a contradiction to the definition of y. We have proved that
C = [s,y] is covered by finitely many sets from U. O

A topological space is said to be locally compact if every point has
arbitrarily small compact neighbourhoods.

5.3 Theorem A set A C R of real numbers is compact if, and only if,
it is closed and bounded. In particular, R is locally compact, but not
compact.

Proof For an unbounded set A, the sets A N]—n,n[, n € N, form an
open cover without a finite subcover. If A is not closed and x is a
boundary point not belonging to A, then the open cover formed by
the sets A N [x —1/n,x 4+ 1/n], n € N, lacks a finite subcover. This
completes the first half of the proof.

Conversely, let A be bounded and closed. Then A is a closed subset
of some interval I = [z,y], which is compact according to 5.2. Let U be
an open cover of A. Each U € U is the intersection of some open set
U’ C I with A, and the sets U’, U € U, together with I \ A, form an
open cover U’ of I. A finite subcover of U’ yields a finite subcover of A
by taking intersections with A. O

Next we turn to the connectedness properties of R. A topological
space is said to be locally connected if every point has arbitrarily small
connected neighbourhoods. In the following theorem, the term interval
refers to all sorts of intervals, closed, open, and half open, bounded or
unbounded. In particular, R itself is considered as an interval.

5.4 Theorem The connected subsets of R are precisely the intervals.
In particular, R is connected and locally connected.
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Proof Completeness of the chain R, together with strong density, implies
that every interval is connected; see 3.3. Conversely, a set A that is
not an interval contains elements a,b separated by some = ¢ A, i.e.,
a<z<b Then A= (AN],z[) U(AN]x, [) is not connected. O

5.5 Connected components By definition, a connected component
of a topological space X is a connected subset that is maximal, i.e., not
contained in a bigger one. Since the closure of every connected set is
connected, all connected components are closed. Distinct components do
not intersect, or else their union would be connected. Hence every space
is the disjoint union of all its connected components. If X happens to
be locally connected, then the connected component containing a point
x contains every connected neighbourhood of x, hence the components
of such a space are open sets. As a consequence, we obtain a description
of the open subsets of R.

5.6 Theorem FEvery open subset of R is a disjoint union of at most
countably many pairwise disjoint open intervals.

Proof An open subset U C R is locally connected, just like R itself.
Therefore, all connected components of U are open sets. By 5.4, these
sets are (open) intervals, and they are pairwise disjoint (being connected
components). Each of these intervals contains a rational number. In
view of their disjointness, this implies that there can be only countably
many of them. O

Characterizing the real line, the arc, and the circle

We remark first that the real line R is homeomorphic to any open inter-
val. For instance, a homeomorphism

R~ |—m, 7]

is given by the function arctan. Apart from the real line, we shall be
concerned with some other spaces. The arc is the closed unit interval
I = [0,1] € R or any space homeomorphic to it; also the half open
interval [0, 1] will be of interest to us. The circle is the subset of R?
given by

S ={(z,y) eR? |2 +y* =1}

Our aim is to characterize these spaces among all topological spaces,
using the properties we have detected so far. Besides their apparent



5 The real numbers as a topological space 35

similarity, we have more reasons to treat the spaces together. The in-
tervals are subspaces of the real line, and, as we shall show later (5.16),
the circle can be considered as a quotient space of R.

Some of the results we prove are ‘best possible’ in the sense that every
relaxation of conditions leads to counter-examples; we shall demonstrate
this in the next subsection. Other results are not best possible. The
need to optimize the setup as a whole made it impossible to optimize
every single result, so that in some cases there will be a superfluous
hypothesis. There, we shall give references to the literature to make up
for the defects. Before we can prove theorems, we need some auxiliary
notions and results. For better understanding, the reader is advised to
visualize each of these in the cases X = R and X = [0,1].

5.7 Definition A subset A in a connected topological space X is said
to be separating, if X \ A is disconnected. In particular, we speak about
a separating point  when A = {z} is separating. Other points are said
to be non-separating, or we call them end points. We say that a point x
separates two other points if these lie in different connected components
of X ~ {z}.

Every disconnected space admits a separation, that is, the space can
be represented as a disjoint union of two non-empty open subsets U, V.
Somewhat loosely, we speak of ‘a separation X = U UV’. We note that
in a locally connected space, every connected component is open. The
union of all other components is open, too, hence every component U of
a locally connected space X gives rise to a separation X = U U V.

5.8 Lemma Suppose that X is a connected space, A C X is any subset,
and X N A=UUYV is a separation.
(a) If A is connected, then U U A is connected.
(b) If A is closed, then A contains the boundary of U relative to X.
(c) If A = {a} is a singleton and X is a Ty-space, then U = U U {a},
and this set is connected.

Proof Suppose that A is connected and U U A = SUT is a separation.
The connected set A must be contained in S or in 7', let us say, in S;
then T' C U. Therefore, T is closed and open in each of the following
spaces: in UUA, in U (which is closed and open in X \ A) and hence in
X N A, and finally in the union of these spaces, X ; compare Exercise 1.
This contradiction proves (a).

If A is closed, then U and V are open in X, and assertion (b) follows.
Finally, (a) and (b) together imply (c). O
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The following shows a first glimpse of how the ordering of the real line
reflects in its topology.

5.9 Lemma Consider two points x,y in a connected T1-space X, and
let X N~ {2} =U, UV, and X N\ {y} = U, UV, be separations such that
ye€ Uy andx € Uy. ThenV, C U, and V, C U,, and no other inclusions
occur among these sets.

Proof By Lemma 5.8, the closure V, =V, U {z} is a connected set not
containing y, hence it is contained in U, or in V. Since x ¢ V,, only
the first possibility can occur. Likewise, U, contains V,,. The inclusion
is proper since y € U, \ V,;, hence U, is not contained in either of the
two sets Uy, V,,. O

We are ready for the first characterization result. It is easy to dis-
tinguish between the spaces ]0,1[ = R, [0, 1], and ]0, 1] (by the number
of non-separating points). Therefore, it is quite enough to characterize
the three spaces together, as is done in the following theorem due to
KowaLsky 1958. Other, similar results will follow.

5.10 Theorem A topological space X is homeomorphic to one of the
spaces |0, 1[ = R, [0, 1], or ]0,1] if, and only if, it has at least two points
and has the following four properties.

(i) X is separable.

(ii) X is a T1-space, that is, all points of X are closed.
(iii) X is connected and locally connected.

(iv) Among any three connected proper subsets of X, there are two

which fail to cover X.

Proof (1) The necessity of the first three conditions has already been
shown (5.1, 5.4). A connected proper subset of any of the three types
of intervals is a subinterval which has a non-trivial bound on at least
one side. Among any three such subintervals, some two are bounded
on the same side and, hence, fail to cover the entire interval. In the
remainder of this proof, we shall be concerned with the sufficiency of
the four conditions.

(2) For each x € X, the closure of any connected component C of X ~{z}
equals C' U {z} and is connected.

By (ii), the complement X ~ {z} is open, and we may assume that
C # X ~ {z}. By local connectedness, there is a separation X ~\ {z} =
C'UD. The assertion now follows from 5.8c.

(3) The complement of a point in X has at most two connected compo-
nents.
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Here we use condition (iv). If X \{z} has more than two components,
we choose Cp, Cy among them and denote the union of all the others
by Y. Then we obtain three proper subsets, any two of which cover X,
by taking X ~ Cq, X N\ Cs, and X NY. By 5.8¢, each of these sets is
connected, contrary to (iv).

Applying (iv) to three connected point complements, we obtain the
next observation.

(4) At most two points have connected complements.

In particular, there are separating points, because the connected T-
space X cannot have only two points.

(5) The connected components of X \ {z} will be called z-parts for
brevity. For a separating point x, the two z-parts form a separation
of X N {z}. If x is an end point, then also {z} will be considered as
an z-part, so that each point x defines precisely two z-parts. If =,y €
X are two distinct points, then we denote the z-part containing y by
T(z,y), and the other z-part by A(x,y). The letters T' and A here stand
for ‘pointing towards y’ and ‘pointing away from y’, respectively. The
inclusion relations among these sets will eventually lead to an ordering
relation on X. The following holds trivially for end points and follows
from 5.9 in the case of separating points.

(6) If z,y € X are distinct points, then A(z,y) C T(y,z) and A(y,x) C
T(z,y), and no other inclusion relations hold among the z-parts and the
y-parts.

(7) Two parts defined by distinct points will be called compatible if one
of them contains the other. (6) may be rephrased by saying that, given
any z-part P and a point y # x, there is always precisely one y-part
compatible with P. We choose an arbitrary point e € X and an e-
part P.. For every other point z, we let P, denote the unique z-part
compatible with P.. We claim:

(8) The parts P, are all mutually compatible.

For x,y, e distinct from each other, we have to show that P, and P,
are compatible. We know that both of them are compatible with P,. If
P, C P, C Py, then no argument is needed. The difficult cases are that
P, and P, are both contained in, or both contain, F..

We assume that none of P,, P, contains the other, and we look at
the two sets M, = P, U Pyc and M, = P, U P?, where Y° denotes the
complement of Y C X. Both sets are non-empty and connected (for
instance, P, must meet P;) Moreover, M is a proper subset of X, or
else we have P, C P,. Likewise, we also obtain that M, is a proper
subset.
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If P,, P, C P, then the three sets M;, Ms and P, contradict condi-
tion (iv). If P, C P,, P,, then the same is true for My, M5 and P?, and
this proves (8).

(9) We have shown that the set P of all parts P,, x € X, is totally
ordered by inclusion. We have a bijection z — P, from P onto X

(injectivity follows from (2)), and hence we can carry the total ordering
to X:

r<y = P,CP,.

From (6) it follows that t < y & y ¢ P, U{z} < = € P, ~ {y}.
(10) The topology of X coincides with the topology obtained from the
ordering <.

The order topology is generated by the intervals of type |z, [and ] , z],
where z € X is a separating point. By (9), these intervals coincide with
the connected components of the complement X ~\ {z}, and these are
open sets of X because X is a locally connected T space. This proves
that the identity is a continuous map from X with the given topology
to X with the order topology.

Conversely, we show that every open neighbourhood U of x € X

with respect to the given topology contains a neighbourhood of x with
respect to the order topology. We may assume that U is connected. By
continuity of the identity map, U is also connected with respect to the
order topology. In every order topology, a connected set must be an
interval. Suppose that the interval U contains one of its end points, y.
If y # x, then we may replace U by U \ {y}. If U = ]a, 2] and z is not
an end point of X, then X =] ,2] U]z, [ is disconnected. This shows
that U is open in the order topology and proves step (10).
(11) It remains to determine the isomorphism type of X as a chain.
Here we use the separability of X for the first time. Any end points of
X will be deleted at first. After the remainder of X has been identified
as ]0, 1], the end points may be restored as smallest or largest elements
of the chain.

We know that the order topology is connected, and we shall show that
the chain X is strongly separable. Then condition (c¢) of the character-
ization theorem 3.5 is satisfied and our proof is complete. Separability
of the order topology implies that every non-empty open interval con-
tains an element of some countable set A C X. By connectedness, and
because we deleted end points, the open intervals | , z[, ]z, [ and ]z, y|
for x < y are non-empty and contain elements of A. This means strong
separability of the chain X. O
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The conditions characterizing R according to the last theorem require
information about every connected subset of X, and this may be asking
a bit much. We therefore give now another characterization that uses
information on the connected components of point complements only.
This result was proved directly in the lecture notes SALZMANN 1971,
without using Kowalsky’s theorem 5.10.

5.11 Theorem A topological space X is homeomorphic to one of the
spaces |0,1] = R, [0, 1], or |0, 1] if, and only if, it has at least four points
and has the following four properties.

(i) X is separable.

(ii) X is a Ty-space, that is, all points of X are closed.
(iii) X is connected and locally connected.
") Among any three points of X, there is one which separates the other

two (see 5.7).

(iv

Proof We show that a space X with these four properties satisfies the
conditions of 5.10.

(1) The closure of any connected component C of X \ {z} is C =
CU{z}, as in step (2) of the last proof. From (iv’) it follows immediately
that there are at most two non-separating points. Next, we prove that
X \ {z} has at most two components. Indeed, if Cy,Cs, C3 are distinct
components, then no point x; € C can separate zo € Cs from x5 € Cj,
because these points belong to the connected set Cy U Cz, which does
not contain xj.

(2) The last fact allows us to introduce the same notation A(z,y)
and T'(z,y) as in the last proof (step (5)). We also have the property
A(z,y) C T(y,z) obtained from 5.9. We conclude that the only possi-
bility to cover X by an a-part together with a y-part is to use T'(z,y)
together with T'(y, x).

(3) We show that X satisfies condition (iv) of 5.10. A proper con-
nected subset A of X is contained in an open z-part, where z ¢ A.
Hence we may assume that the three sets appearing in condition (iv)
are three open parts with respect to points x,y, z. Two open parts with
respect to the same point do not cover X, hence we may assume that
we have three distinct points. If condition (iv) is violated, then step (2)
shows that each of the three given parts contains both of the points
defining the other parts. But by (iv’), one of the points, say y, separates
the other two, i.e.,  and z lie in different parts with respect to y. This
contradiction completes the proof. O
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If compactness is assumed, then the separation conditions (iv) or (iv’)
can be weakened considerably. This is based on the following auxiliary
result, taken from CHRISTENSON—VOXMAN 1977.

5.12 Lemma Suppose that p is a separating point of a compact, con-
nected T1-space X and let X ~{p} = UUV be a separation. Then both
U and V contain at least one non-separating point of X.

Proof We assume that all points of U are separating and aim for a
contradiction. For each x € U, choose a separation (U, V) such that
p € V. By 59 we have U, C U. Theset Y = {U, | z € U} is
partially ordered by inclusion. By Hausdorff’s maximal chain principle
(or equivalently, by Zorn’s lemma, see the beginning of Section 61),
there exists a maximal subchain W C Y. We shall show (by an indirect
argument) that ()W = () and then derive a final contradiction from that
result.

Weset W ={zxeU|U, e W} CU. For z € W and w € W,
we have z € U,, C U. Hence, we may form U,, and we shall show that
U, C U, ~ {z}. This tells us that WU {U,} is a chain larger than W,
contrary to maximality. We know that z € U,,, whence the connected
set Vi, U{w} is contained in X \{z} = U,UV,. The former set meets V,
(in p), hence it is contained in V, and, in particular, w € V.. Therefore
U, U {z} is contained in X \ {w} and meets U, (in z), so that finally
U, CUy, ™ {z}.

We have just seen that [\ W = (), and we deduce next that the chain of
closed sets { U, U{w} | U, € W} has empty intersection, too — which
contradicts compactness. An element belonging to that intersection can
only be a point w € W. The set U, is not a smallest element of W, and
there is a proper subset U, of U,,. Then w ¢ U, U {v}, and our chain of
closed sets has empty intersection. O

5.13 Theorem A topological space X of cardinality > 2 is homeo-
morphic to the arc [0,1] if, and only if, X is compact, Ty, separable,
connected and locally connected, and X contains at most two non-
separating points.

Proof From Lemma 5.12, we deduce that (i) there are exactly two non-
separating points a,b € X, and that (ii) every other point x € X ~\{a, b}
separates a from b. It follows that no proper connected subset can
contain both a and b, hence the space has property (iv) and the assertion
follows from 5.10. a
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5.14 Theorem A topological space X of cardinality > 2 is homeo-
morphic to the circle Sy if, and only if, X is compact, Ty, separable,
connected and locally connected, and every pair of distinct points sepa-
rates X.

Proof (1) According to Lemma 5.12, there exist two non-separating
points p,q € X. Let A be a connected component of X \ {p,¢}. Since
X is locally connected, there is a separation (A, B) of X \{p,q} = (X ~
{p}) ~ {¢}. Using Lemma 5.8a, we conclude that AU {q} is connected.
Likewise, A U {p} and, hence, A=AU {p, q} are connected.

(2) If//l\ is separated by each point a € A, then there is a homeomor-
phism, [0,1] — A sending {0,1} to {p,q}. We cannot use 5.13 directly in
order to show this, as A might not be locally connected at p or at ¢q. But
A itself is connected and locally connected, and each a € A separates p
from ¢; this follows from 5.12, applied to the space E, which is compact
by 5.8. Therefore, no proper connected subset of A accumulates at both
p and g, hence A has property (iv), and 5.10 shows that A ~ |0, 1[.

We identify A with ]0,1[, and we show next that p and ¢ are attached
to A in the right way. We have seen that for each a € ]0, 1], there is an
(open) separation AN {a} = U UV such that p € U and ¢ € V. Each
connected component of ]0, 1[N {a} is contained in U or in V. Hence, we
may adjust the notation such that U = {p} U]0,a[ and V = ]a, 1[U{q¢}.
Therefore, the standard neighbourhoods of 0 and 1 correspond to open
sets of A. Conversely, we note that K = ANU = [a,1[U{q} is compact.
If W is an open neighbourhood of ¢, then K ~ W is a compact subset
of [a, 1], and hence W contains a standard neighbourhood.

(3) If B is a connected component of X \ {p, ¢} that is not separated
by some b € B, then all other connected components C' satisfy the
assumptions of step (2), or else there is a point ¢ € C such that C ~ {c}
is connected; denoting by F the union of all sets D obtained from the
remaining components, we infer that X \{b, ¢} = (B~{b})U(C~{c})UE

=

is connected, contrary to our hypothesis. It follows that C' = [0, 1] in this
case. However, this implies that the connected components of C' {c}
all intersect B\ {b} (in p or in ¢), and that X ~ {b,c} is connected.
This is impossible.

(4) We have shown in (3) that B ~ [0,1] for each connected compo-
nent of X \ {p,q}, where the points 0,1 correspond to p,q. Clearly,
the hypothesis implies that there are precisely two such components,
and mapping each of the two intervals onto one half of the circle in a
compatible way we obtain a homeomorphism X — S'. ]
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5.15 Remarks and variations The last two results hold for metric
spaces without the assumption of local connectedness. Note that a com-
pact space is metrizable if, and only if, it is a Hausdorff space with a
countable basis for its topology. In this form, 5.13 was given by MOORE
1920; see CHRISTENSON—VOXMAN 1977 9.A.8 for a proof in modern lan-
guage. The methods are very similar to the ones used here in the proof
of 5.10, but it seems to be impossible to obtain all these results simulta-
neously. The variation of 5.14 without local connectedness is an exercise
in CHRISTENSON—VOXMAN 1977. Our proof is more complicated since
we need local connectedness when we apply 5.13.

KowALSKY 1958 proves a weak form of 5.13. A characterization of the
real line in the spirit of 5.13 is given by WARD 1936. He requires that
the complement of any point has exactly two connected components,
and that the whole space is metric, separable, and locally connected.
This result is certainly not true without the condition of metrizability;
compare Example 5.23. The real line has also been characterized in
terms of the cardinalities of the boundaries of connected open subsets;
see JONES 1939. His result implies Kowalsky’s theorem 5.10 in the case
of Hausdorff spaces.

In the context of manifolds, we shall now present another characteri-
zation of R and of the circle.

5.16 The circle as a quotient of R There is a surjective map p :
R — S; defined by p(t) = (cos27t,sin 27t). If we identify R? with C,
the set of complex numbers, via (z,y) — z + iy, then we may write
p(t) = €2™. The map p relates the topologies of R and S; in a very
efficient way. We say that p is an identification map or that S; carries
the quotient topology with respect to p, and this means that a subset of
S1 is open if, and only if, its inverse image under p is open in R. The
‘only if’ part of this statement expresses the well known continuity of p.
The ‘if” part follows from the fact that the restriction of p to any open
interval of length 1 is a homeomorphism onto its (open) image, as can
be seen from the existence of complex logarithms.

This last fact also shows that S; is a one-dimensional manifold (or
1-manifold for short). A Hausdorff space is said to be an n-manifold
if each point has an open neighbourhood homeomorphic to ]0, 1[" (or,
equivalently, to R™). We shall prove the following.

5.17 Theorem Every separable, connected one-dimensional manifold
is homeomorphic to R or to Sy.
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We remark that separability is essential. In 5.25 below, we shall in-
troduce the ‘long line’, a space which is a non-separable 1-manifold (see
5.26). The proof of 5.17 requires some auxiliary notions and results; it
will be given after 5.20. First recall that an arc in a topological space
X is a subset A C X homeomorphic to the closed interval [0,1]. The
non-separating points of A (corresponding to 0 and 1) are called the end
points of the arc.

5.18 Lemma Suppose that a topological space X contains an arc A
with end point a and an arc B with end point b # a. If the intersection
of the two arcs is non-empty, then their union contains an arc with end
points a, b.

Proof Let f :[0,1] — A be a homeomorphism which sends 0 to a. By
compactness, there is a smallest ¢ € [0,1] such that f(¢) € B. Then
the subarc f(]0,¢]) together with the unique subarc C' of B containing
f () and b form the desired arc from a to b. To show that we really get
an arc, we replace f on the interval [t,1] with a parametrization of C
running from f(¢) to b. — This argument will be used tacitly in the
future. |

5.19 Definition A topological space X is said to be arcwise connected
if every two distinct points z,y € X are ‘joined’ by an arc A C X
with end points z,y. In general, the maximal arcwise connected subsets
of X are called the arc components of X. It follows from 5.18 that
two arc components are either disjoint or equal. If a space is locally
arcwise connected (every point has arbitrarily small arcwise connected
neighbourhoods), then every arc component of this space is open. The
union of the other arc components is open, as well, hence arc components
are open and closed in this case. In particular, a connected, locally
arcwise connected space is arcwise connected.

5.20 Lemma: Domain invariance property of 1-manifolds
A 1-manifold Y contained in another 1-manifold X is always open.

Proof Every point y € Y has a neighbourhood U ~ R in X, and U
contains a neighbourhood V' = R with respect to Y. The connected
subset V' C U is an interval by 5.4; more precisely, an open interval as it
is homeomorphic to R. This shows that y is an interior point of Y. 0O

We are now ready to prove 5.17. We shall invoke the characterization
theorem 5.11 in this proof. This will save us some of the technical
labours involved in a direct proof such as CHRISTENSON—VOXMAN 1977
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Chapter 5A. In particular, separability is exploited in a very simple way.
We believe that our proof nonetheless gives appropriate insight.

Proof of 5.17. Every manifold is locally arcwise connected, hence the
given space X is arcwise connected by 5.19. We distinguish between two
cases.

Case I: There are points u,v € X that can be joined by two distinct
arcs A, B. Choose a point lying on only one of the arcs, say © € A\ B.
Then A contains exactly two minimal arcs joining x to points b,c € B.
These two arcs have only the point  in common. Together with the
subarc of B joining b to ¢, they form a subset Y C X homeomorphic
to S1. The compact 1-manifold Y is closed in X and also open by 5.20,
hence X =Y = §;.

Case II: Every pair of distinct points x,y € X 1is joined by a unique
arc having end points x,y. We know that X has all the characteristic
properties of R required in 5.11, with the possible exception of the sep-
aration property (iv'). We end our proof by showing that X does have
the separation property. Observe that the other spaces characterized by
these conditions (closed and half open intervals) are not manifolds.

Suppose that an arc A in X joins the points a, b, and that x is a third
point on the arc. Then we claim that = separates a from b. If not,
then a,b belong to the same connected component U C X ~\ {z}. We
know that U is connected, open in X, and locally arcwise connected.
According to 5.19, there is an arc in U joining a to b, contrary to the
assumption of Case II.

Now let three points x,y,z € X be given. If one of them lies on the
arc joining the other two, then we can finish our proof by applying the
previous paragraph. Assume therefore that this does not happen and
consider the two arcs A and B joining x to y and to z, respectively.
According to 5.18, the union AU B contains an arc C joining y to z, and
C ~{y,z} is open in X by 5.20. But, following the arc A from z, there
must be a first point where we hit C', and this point is distinct from y
and z. This is a contradiction, and the proof is complete. |

Independence of characteristic properties

Our next aim is to prove independence of the conditions characterizing R
according to 5.11. To do this, we shall exhibit examples of spaces that
have three of the properties but not the fourth. Moreover, in all our
examples the complement of any point will have exactly two connected
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components. For instance, we are not satisfied with X = R? as an
example of a space violating only the separation property (iv’).

It is relatively easy to give an example Xj; that is (connected but) not
locally connected, and has all the other properties. One takes the set of
real numbers and defines the space Xj;; by refining the topology of R as
follows. A set A is open by definition if, and only if, each point a € A has
a neighbourhood U in the usual topology of R such that UNQ C A. The
verifications are left to the reader. Compare also counter-example 68 in
STEEN-SEEBACH 1978.

A space Xj; without the T property but satisfying the other condi-
tions is obtained from the subspace | ,—1JU {0} U[1l, [ C R by a slight
modification of the topology. The change consists in the omission of
certain open sets, namely, those that contain one of the points 1 or —1
without containing 0. In particular, {0} is not a closed subset. The
other verifications are again left to the reader.

The remaining examples are more interesting and will be considered
in detail. In order to construct a space that violates only the separa-
tion property (iv'), we begin by constructing an auxiliary space that
is countable but resembles the circle in many respects. This space is
taken from the beautiful book of topological counter-examples STEEN—
SEEBACH 1978 (counter-example 61). Originally, it was described by
GoLoMB 1959 and KIRCH 1969.

5.21 Example We construct a topological space with point set N, the
natural numbers (0 excluded). In order to do so, we specify a basis
B for the topology, i.e., the open sets will be the unions of arbitrarily
many sets from B. There is a condition that we have to observe if this is
supposed to work. The intersection of two basis sets has to be a union
of other basis sets. Our basis consists of all sets of the form NN (a+bZ),
where a,b € N are relatively prime, that is, ged(a,b) = 1, and b is square
free, i.e., no square > 1 divides b. It is not necessary to make use of the
possibility b = 1. Then we can always assume that a < b, and write the
corresponding basis set as a + bNy, where Ng = NU {0}. Let us note
that every element of this set is relatively prime to b.

We verify the condition for a basis in the case of two basis sets a + bNy
and c+dNy. We consider a point z in the intersection, x = a+bu = c+dv
and look for a basis set containing x and lying within the intersection.
Such a set is given by NN (z+eZ), where e is the least common multiple of
b and d, which is square free. The choice of x implies that z is relatively
prime to both b and d and, hence, to e.
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5.22 Proposition The space N with the topology constructed above
is separable (being countable), connected and locally connected, and is
a Hausdorff space, but not metrizable. Moreover, every point in this
space has a connected complement.

Proof We show first that the basis sets A = a + bNy € B are connected.
Thus we assume that A = S UT where S, T are open and non-empty,
and we show that S NT # (. There are basis sets s + bcNy C S and
t 4+ bdNy C T; the special form is enforced since these sets are contained
in A. We set u = cd; then b and u are relatively prime, because both bc
and bd are square free. By 1.5, there are integers f, z such that

a+bz=uf.

This yields a + b(z + nu) = u(f + nb) for every n € N, and we see that
we may choose f and z to be positive. The displayed equation shows
that uf belongs to A and, hence, to S or to T. The roles played by
S and T in the construction of this element are interchangeable, hence
it does not matter which of the two sets it belongs to — say uf € T.
There exists a neighbourhood uf + bgNy C T of this element, where
1 = ged(uf, bg) = ged(cdf, bg) = ged(e, g). Since s and uf belong to A,

we have

uf —s=be cbZ.

We use 1.5 again to write cx = e+ gy, where x,y € Z; as before, we may
take both these integers to be positive. We finally obtain the element
s+bcx=s+be+bgy=uf+bgyeSNT.

We may conclude that N is locally connected, and we show next that
every point z € N has a connected complement. As a by-product, this
will imply that N itself is connected and, hence, not metrizable (note
that the distance function on a connected metric space has to take a
continuum of values). Given z,y € N\ {z}, we propose to construct
two basis sets A = NN (z 4 pZ) and B = NN (y + ¢Z) not containing z
such that AN B # (. Then AU B is connected and contains = and y,
proving that N\ {z} is connected. At the same time, we will obtain the
Hausdorff property (just knowing that z € A C N\ {z}).

We choose p and ¢ to be distinct primes such that p > |z — z| and
q > |y — z|. This is possible because there are infinitely many primes
(see 32.7), and it ensures that z ¢ AU B. Once more by 1.5, there are
positive integers m,n such that x —y = gm — pn, and then =z + pn =
y+gmée ANB. O
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5.23 Example We construct a new space Xj, (looking like a brush)
from the ‘countable circle’ (N with the topology defined in 5.21) by
attaching a bristle to each of its points. Formally, X, = N x [0, 1] with
the topology defined by the following basis. For n € N and an open set
U C]0,1] (not containing 0 !), the set {n} x U is a basis set, and for an
open set A C N and £ > 0, the set A x [0,¢[ is another one. The proof
that this is the basis of a topology having the properties stated in the
next proposition is left to the reader.

5.24 Proposition The space X;, constructed above is a connected
and locally connected, separable Hausdorff space. The complement of
any point has exactly two connected components. However, a point in
N x {0} can never separate two other points belonging to that subset.

O

Our next aim is to construct a space X; having all characteristic prop-
erties of R except separability. In the proof of Theorem 5.10, only the
last step made use of separability. Therefore, the space we are looking
for must be a non-separable chain endowed with the order topology. The
starting point of the construction is the observation that Z x [0, 1[ with
the lexicographic ordering is a chain isomorphic to R, and one tries to
replace Z with an uncountable chain that is not too big.

For this purpose, we use the first uncountable ordinal w;. For informa-
tion on ordinals, see the Appendix 61 and 61.7 in particular. We need
the properties that w; is an uncountable well-ordered chain and that
a subset of this chain is countable if, and only if, it is bounded. The
verification of the latter property is the only occasion where we need to
know that every ordinal can be identified, somewhat paradoxically, with
the set of all smaller ordinals (61.6), and that every set M of ordinals
has a least upper bound in the ordered class of all ordinals, obtained
simply as the union |JM (61.5). The elements of w; are precisely all
countable ordinals (61.7), and it follows that every bounded set in w; is
countable. Conversely, if we have a countable set of countable ordinals,
then their union is again a countable set (61.13) and an ordinal, hence
it is an element of w;. Henceforth, we shall ignore the original meaning
of the ordering relation for ordinals and write < for this relation.

5.25 Example: Alexandroff’s long line The long line L will be
composed of the long ray L™ and its mirror image —ILT, the details
being as follows. The long ray is defined as the chain

]L+ = w1 X [0,1[,
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with the lexicographic ordering relation

(s) < wt) = (W<v)v((u=r)r(s<t).

For brevity, we shall write 0 instead of (0,0) € L*. For each x € LT,
we introduce a mirror image —x, such that x — —z becomes a bijective
correspondence Lt — —LL* = {—z | # € LT }. The sets LT and —L*
are supposed to be disjoint except for 0 = —0. For z < y in LT we set
—y < —x < y and thus turn L. = LT U —LLT into a chain. This chain is
the long line. Both L and L™ are endowed with the topology induced by
their ordering, and both L. and L™ \ {0} can serve as our example X; of
a space having all the characteristic properties of R except separability,
as it will turn out later.

The involutory map ¢ : L. — L that interchanges x and —x is an
anti-automorphism of the chain L. and hence a homeomorphism of the
long line. However, appearances can be deceptive, and if v + 1 denotes
the successor of an ordinal, then the map (v,s) — (v + 1,s) from LT
into itself is not continuous. Indeed, if v runs over all natural numbers,
then both (v,0) and (v + 1,0) converge to (wp,0), but (wp,0) is not
fixed by the map. For similar reasons, we refrained from describing all
of L by a single lexicographic product; this would not allow for a simple
description of the map ¢.

The long line is a more prominent example than those discussed so far.
It was first presented in ALEXANDROFF 1924. The existence of several
non-isomorphic analytic structures both on L and on L% was shown
in KNESER—KNESER 1960. More recently, NYIKOs 1992 constructed
281 smooth structures on each of them, whose tangent bundles are not
homeomorphic.

5.26 Proposition Every interval [a,b] in the long line L is order iso-
morphic and, hence, homeomorphic to the unit interval [0,1] C R.

Proof We treat the case a = 0 in detail. After that one sees, using the
order isomorphism ¢ introduced in 5.25, that [—b,b] = [—b,0] U [0, b] =
[-1,0] U[0,1] C R, and the proposition follows. First we obtain an iso-
morphism of the open intervals, ]0, [ 2 ]0, 1], using the characterization
of the chain R given in 3.5b. Such an isomorphism uniquely extends to
the closed intervals.

If b = (v,t), then the interval [0,v] of ordinals (that is, the ordinal
v + 1) is countable, and ([0,v] x Q) N ]0,b[ is a countable, strongly
dense subset of ]0,b[. It remains to be shown that the given interval is
complete.
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So let a bounded subset A C ]0,b[ be given, A < (n,s) < b, and
consider the projection p; : A — wy : (v,t) — v. The well-ordering of
w1 implies that p;(A4) has a least upper bound £ < nin w;. If £ € p1(A),
then the least upper bound of A is sup A = (£,0) < (n,s). If £ € p1(A),
then we look for sup A in the complete interval [(&,0), (£ 4+ 1,0)] [0, 1]
and find sup A < (7, s). Greatest lower bounds are treated in the same
manner. i

5.27 Definition A topological space X is said to be n-homogeneous,
n € N, if any sequence z1,...,x, of n distinct points of X can be
mapped onto any other such sequence, y1, ..., y,, by a homeomorphism
of f: X — X. To be precise, it is required that f(x;) = y; for each .

The real line R is 2-homogeneous (but not 3-homogeneous): using
affine maps x — ax + b, every pair of real numbers can be mapped onto
every other pair (but a homeomorphism cannot move the middle point
of a triple to a position where it does not separate the images of the
other two). We show that the long line shares this property of R.

5.28 Corollary The long line L is 2-homogeneous.

Proof Let two pairs of points z1, 22 and y1,ys be given as in 5.27. By
applying the map ¢ from 5.25, if necessary, to one or to both pairs, we
may arrange that z; < z2 and y; < y2. We find an open interval I C L
containing the four points. By 5.26, this interval I is homeomorphic to
the real interval |0, 1] ~ R. The remarks preceding the corollary show
that I admits a homeomorphism f sending x; to y;, and f is monotone
due to our special arrangement of the two pairs of points. It follows that
f extends to a homeomorphism of L that induces the identity on the
complement of I. To solve the original task, this map f may have to be
multiplied on one side or on both by the map ¢. O

5.29 Corollary Both the long line and the long ray satisfy all condi-
tions of 5.11 except separability.

Proof The two cases are very similar, and we concentrate on the long
line itself. Every chain is a Hausdorff space in the induced topology.
The long line is the union of all its intervals [—a, a], which are connected
by 5.26. This shows connectedness of IL, and local connectedness is even
more obvious. The separation condition (iv') again holds in every chain.
We note that, as with our other counter-examples, the complement of
any point has exactly two connected components. Finally, L. is not
separable; this follows from the following stronger assertion. O
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5.30 Proposition Every countable subset of the long line is bounded.

Proof This is an immediate consequence of the fact that w; has the same
property; see the remarks preceding 5.25. O

The following is perhaps the most striking feature of the long line.

5.31 Proposition If f : L — R is a continuous map, then there are
a,b € L such that f is constant on | ,a] and on [b, [ .

Proof We concentrate on the restriction of f to L™. For a set X of real
numbers, we define the diameter diam X = sup{|z —y| | z,y € X } €
R U {oo}. Our first claim is that for each n € N we can find ¢, € L such
that diam f([c,, [) < 1/n. Suppose that this is impossible. Then we
can find a positive real § and an increasing sequence {ay | k € N} in Lt
such that |f(ar) — f(ar+1)| > ¢ for each k. The sequence is bounded by
5.30, hence it is contained in a subchain isomorphic to [0,1] by 5.26. In
this subchain, every increasing sequence converges, but f(ay) does not
converge — a contradiction to continuity.

The sequence {c¢, | n € N} has an upper bound ¢ € L, too, and
we conclude that diam f([e, [) < diam f([cn, [) < 1/n for each n. This
means that f is constant on [c, [. O

Properties 5.30 and 5.31 of the long line are actually compactness
properties. We make that explicit after the following.

5.32 Definition A topological space X is said to be pseudo-compact
if every continuous map f : X — R produces a compact image f(X).
The space X is said to be sequentially compact if every sequence in X
has a convergent subsequence.

For further reading on notions of compactness, we recommend the
book CHRISTENSON—VOXMAN 1977. We mention that a compact space
is both sequentially compact and pseudo-compact, and that a sequen-
tially compact space is countably compact, that is, every countable open
cover {U; | i € N} has a finite subcover. Indeed, if the first n sets U;
fail to cover, we select a point x,, that is not covered. If this happens for
every n, there results a sequence, which has a convergent subsequence
— but the limit cannot belong to any U;, a contradiction.

5.33 Proposition The long line L is not compact, but it is locally com-
pact, sequentially compact, countably compact, and pseudo-compact.

Proof The long line is covered by all its open intervals ]a, b[, and this
cover has no finite subcover. Thus, L is not compact. On the other hand,
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every interval [a,b] is compact according to 5.26. This implies local
compactness of .. By 5.30, every sequence is contained in a compact
interval and, hence, has an accumulation point. Countable compactness
follows from sequential compactness (5.32). For a continuous real-valued
map f, we learn from 5.31 that some compact interval has the same
image as all of I, which implies peudocompactness. |

5.34 Corollary There is no metric generating the topology of the long
line.

Proof In metric spaces, sequential compactness is the same as compact-
ness; see, for example, CHRISTENSON—VOXMAN 1977 3.A.11 p. 83. More
easily we can show that a sequentially compact metric space is separa-
ble and then apply 5.29. So suppose that X is a sequentially compact
space. If, for every n € N, there is a finite subset F,, C X such that
every point of X lies at distance < 1/n from some member of F,, then
the union of all F,, is a countable (61.13) dense set. If no finite set has
the properties required for some particular F;,, then by induction we find
a sequence {zy | k € N} such that each x is at distance > 1/n from all
its predecessors. Such a sequence has no convergent subsequence. O

As a last remark on the long line, we note that it does not satisfy the
Souslin condition (compare 3.8): there are uncountably many disjoint
open intervals {v} x]0,1[ in L.

Subspaces and continuous images of the real line

We recall that one important continuous image of the real line is the
circle; see 5.16. Several characterizations of the circle have been given
(5.14, 5.17). Among subsets of the real line, a class that has received
special attention is formed by the totally imperfect subsets, i.e., sets
that do not contain any uncountable closed set. We shall not treat this
topic but refer to the literature (MILLER 1984, 1993).

We continue by discussing the Cantor set (which is closed and un-
countable). At first sight, this looks like a rather far-fetched example
having weird properties. However, it turns out that the Cantor set is of
crucial importance in our context. We show that it can be used in the
construction of space-filling curves, and this is closely related to the role
it plays in the proof of the Hahn—Mazurkiewicz theorem characterizing
the continuous images of the arc. Furthermore, the continuous images
of the Cantor set itself form an important class of topological spaces.
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In order to define the Cantor set, we use the triadic expansion of real
numbers x € [0,1] :

=3 a,3"",
where a,, € {0,1,2}. This expansion is not unique; typically, 0.10 =

0.02, where we write, as in the usual decimal notation, x = 0.a1azas . ..
for the above expansion, and periods are indicated by overlining.

5.35 Definition The Cantor set C C R is defined as the set of all
x € [0,1] admitting a (unique) triadic expansion using only 0 and 2 as
digits. The following alternative description may be more familiar; we
leave it to the reader to prove the equivalence with our first description.
12

One starts with the unit interval I = Iy and forms I; = I ~ ] 35 3[ =

[0, 2]U[2,1]. In other words, I; is obtained by deleting the open middle
third from the unit interval. We continue in the same way, forming
I,,+1 by deleting the open middle thirds from each of the 2™ intervals
constituting I,,. This gives a descending chain of compact subsets of I,
and the (compact, non-empty) intersection of this chain is the Cantor
set. Since the intervals forming I,, are of length 37", we see immediately
that the total length (2)" of I,, tends to zero, and we have obtained two

important features of C (compare 10.6):

5.36 Proposition The Cantor set C C [0,1] is a compact set of
Lebesgue measure zero. a

Note, however, that the measure is not an invariant property of the
topological space C; compare 10.6(c). Compactness follows once more
from our next result, where the space {0,2} is taken with the discrete
topology.

5.37 Proposition The Cantor set is homeomorphic to the compact
product space {0, 2},

Proof We show that a homeomorphism is obtained by reading the co-
efficient sequence of the triadic expansion with digits a,, € {0,2} as an
element of the product space. The product topology is defined using a
basis, where a typical basis element consists of all sequences (ax)x with
a fixed initial part aq,...,a,. The corresponding points of I form the
open and closed set C N (Y. _, ax37% +[0,37"]). This proves that we
have a homeomorphism. Since {0,2} is a compact space, it follows that
the product space is compact, as well. O

5.38 Corollary The Cantor set C is homeomorphic to its own square
CxC.
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Proof There is a homeomorphism {0, 2} — {0, 2} x {0, 2} defined by
‘opening the zipper’, that is, the sequence aq, b1, as, ba, ... is mapped to
the pair of sequences (a1, az, ... ;b1,ba,...). ]

5.39 Proposition There is a continuous surjection C — I = [0, 1].

Proof Such a map may be defined by reading the coefficient sequence of
a triadic expansion as the coefficient sequence of a dyadic one, replacing
the digit a,, by a,/2. |

5.40 Proposition There is a continuous surjection I — I? of the arc
onto a square.

Proof We use the homeomorphism ¢ : C — C? of 5.38 and the surjection
p:C— I of 5.39. We form the surjection p x p : C2 — I? sending (z, )
to (p(), p(y)). The composition (p x p) o : C — I? is continuous and
surjective. Its domain is a closed subset of I, and it can be extended
to all of I by Tietze’s extension theorem; see CHRISTENSON—VOXMAN
1977 4.B.8. In our concrete situation, it is not necessary to invoke that
theorem, since it suffices to define the map on each of the middle third
intervals deleted from I in the course of the construction of C. This can
be done directly using the convexity of the unit square I?; one simply
maps each of these intervals to the segment joining the images of its end
points, using a suitable affine map = +— az + b.

A different construction of a surface-filling curve is given in Exer-
cise 5. O

5.41 Remarks Clearly, the last result can be generalized; every power
I", n € N, is a continuous image of the arc. But this is only a shadow
of what can be proved: there is a comprehensive theorem, the Hahn—
Mazurkiewicz theorem, which characterizes exactly the spaces that are
continuous images of the arc; see 5.42 below. The basic idea is the same
as for the proof of 5.40; in order to obtain a continuous surjection of
onto a space X, one first constructs a surjection C — X and then extends
it over I. Therefore, the characterization of the continuous images of C
is a key ingredient; see 5.43 below. The extension is not as easy as in
the last proof. In order to define it on one missing interval, one uses the
topological characterization of the arc 5.13, but in the form that does
not involve local connectedness; see 5.15. We refer the interested reader
to CHRISTENSON—VOXMAN 1977 for details and proofs, but we state the
precise form of the results.
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5.42 Theorem A Hausdorff space is a continuous image of the arc
if, and only if, it is a compact, connected and locally connected metric
space. O

Such spaces are called Peano continua in honour of G. Peano and
his space-filling curves. In the course of the proof, it is shown that
every compact, connected and locally connected metric space is arcwise
connected. We might mention here that, of course, the circle is a special
case; compare 5.16. We return to our systematic study of the Cantor
set by stating the result mentioned in 5.41.

5.43 Theorem Every compact metric space is a continuous image of
the Cantor set. O

The Cantor set plays a prominent role also in lattice theory. Indeed,
the collection of all subsets of C that are both open and closed forms
a lattice, which is a countable, atomless Boolean algebra (atomless, be-
cause C has no isolated points). This Boolean algebra is determined
up to isomorphism by the properties mentioned; usually, this fact is
reduced, via the Stone representation theorem, to the topological char-
acterization of C given in 5.48; see SIKORSKI 1964 §9C p. 28; compare
also §14B p. 44. An elementary, direct proof is suggested in Exercise 9.

The Cantor set is markedly more homogeneous than the real line; com-
pare the remark following 5.27. In DROSTE-GOBEL 2002, it is shown
that the homeomorphism group (compare 5.51 below) of C is quite large
in the sense that it cannot be obtained as the union of a countable
ascending chain of proper subgroups. In fact, the size of the homeo-
morphism group is such that it contains an isomorphic copy of every
countably infinite group; see HIORTH-MOLBERG 2006. Moreover, the
homeomorphism group of the Cantor set is a simple group. Together
with similar results about the space of rational numbers and the space
of irrational numbers, this is proved by ANDERSON 1958. Here we are
content to prove the following.

5.44 Proposition The Cantor set is n-homogeneous for each n € N.

Proof (1) First we prove that {0,2}N ~ C is 1-homogeneous. Let (a, ),
and (by,), be elements of {0,2}". For each n € N, there is a bijection
fn of {0,2} such that f,(ay,) = b,. Applying f, to the nth term of each
sequence in {0, 2}N , we obtain a bijection f which maps the sequence
(an)n to (bp)n. In order to verify continuity of f we have to check,
according to the universal property of products, that the nth member
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d,, of the sequence f(z) depends continuously on the sequence x. This
is true, since d,, = f(c,), where ¢, is the nth member of z.

(2) From the second description of the Cantor set (as the intersec-
tion of a descending chain of compact sets I,,) it follows that every
permutation of the intervals forming some particular I,, gives rise to a
homeomorphism of the Cantor set. One has to observe that for each
of these intervals J, the intersection J N C is open in C and is a scaled
version of C itself, and that any two of these sets are homeomorphic by
a translation.

Now let two finite sequences 1, ...,z and y1, ..., yi of distinct points
in C be given. Choose n so large that no two of the z; or of the y; occupy
the same interval in I,,. Permute the intervals so that the ith interval
contains the image of z; for i = 1,...,n and use a homeomorphism of
JNC asin step (1) for each of these intervals, so that z; is sent to the
smallest element in J N C. Together, this yields a homeomorphism ¢ of
C onto itself. There is a similar homeomorphism A for the y;, and the
quotient h~! o g sends x; to y; for each 3. O

5.45 Definition A topological space X is said to be totally disconnected
if every connected component of X is reduced to a point. Equivalently,
X contains no connected subsets except points and the empty set.

A space X is said to be perfect if it has no isolated points, that is, no
singleton {z} C X is an open set.

5.46 Proposition A 2-homogeneous topological space is either con-
nected or totally disconnected.

Proof If A C X is connected and contains two distinct points a, b, then
any two points z,y € X belong to a connected set f(A) C X, where f
is a homeomorphism of X sending {a, b} to {z,y}. It follows that X is
connected. O

5.47 Proposition The Cantor set is totally disconnected and perfect.

Proof The Cantor set is 2-homogeneous and not connected, hence it is
totally disconnected. The definition of the product topology on {0, 2}
makes it clear that no open set can consist of a single point. O

There is a nice characterization of the Cantor set on the basis of the
properties that we have proved. Again we record this result without
proof; see CHRISTENSON—VOXMAN 1977 6.C.11.
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5.48 Theorem FEvery compact, totally disconnected, perfect metric
space is homeomorphic to the Cantor set. O

We turn now to the subspace J =R\ Q C R, the space of irrational
numbers. One feels that there is an immense gap separating the spaces
R and J. Clearly, J contains no non-trivial interval of the real line, hence
it is totally disconnected by 5.4. On the other hand, it was shown in
4.11 that J admits a complete metric generating the topology. The proof
relies on the result 4.10, which we repeat here, and which will allow us
to prove an unexpected, close relationship between J and R (5.50).

5.49 Theorem The space J =R \ Q is homeomorphic to the product
space N, O

5.50 Theorem There is a continuous bijection J =R~ Q — R.

Proof (1) We shall construct (in step (2) below) a continuous bijection
a : NN — [0,1]. Together with the homeomorphism 3 : J — NN of 5.49
this yields a continuous bijection v = foa : J — [0, 1[. This is not quite
what we want; we have to get rid of the element 0 in the image of this
map. This can be done by showing that J ~ {y~%(0)} is homeomorphic
to J. Indeed, QU{v~1(0)} is chain isomorphic to Q by 3.4, and the proof
of 3.5 shows that any isomorphism of these chains extends to a chain
automorphism ¢ of R, and ¢ induces the homeomorphism we need.

A more direct construction is this: The space J is the disjoint union
of the open subsets TN [n,n + 1], n € Z. Under the homeomorphism
J — Z x NN constructed in 4.10 using continued fractions, this interval
corresponds to {n} x NV, hence it is homeomorphic to J itself. Thus,
each of these intervals can be mapped continuously and bijectively onto
[n,n + 1[, and together these maps yield the desired continuous bijection
J—R.

(2) In order to construct a, we read an element (a,), € NV as an
instruction for the definition of a sequence of digits b, € {0,2} : two
consecutive digits equal to 0 in this sequence shall be separated by a,
digits equal to 2. Thus, the zero digits b,, = 0 are those whose index has
the form n = a;4as+- - -+ax—1, for some k € N. This defines a map v of
N into the Cantor set C ~ {0, 2} (see 5.37), in fact, a homeomorphism
of NN onto 1(NY) because both spaces carry the product topology. The
image ¥ (NY) consists precisely of the sequences having infinitely many
digits equal to 0, and on this set the surjection C — [0, 1] constructed in
5.39 induces a continuous bijection onto [0, 1. O
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We remark that this theorem together with 5.42 allows us to map the
irrationals continuously onto any Peano continuum.

The space J is clearly not homeomorphic to its complement Q (the
two spaces even have different cardinalities; more about the topology of
Q will be said in Section 33). It is possible, however, to exhibit subsets of
R that are homeomorphic to their complements. One can even construct
a situation where both complementary sets are homogeneous, and this
can be done in essentially different ways; see VAN MILL 1982a, 1982b.

Homeomorphisms of the real line

5.51 The homeomorphism group We have frequently used the
notion of homeomorphism in this section. In the particular case of a
homeomorphism of the topological space R onto itself, we are dealing
with a bijective map f : R — R such that both f and the inverse map
f~1 are continuous.

Various characterizations of homeomorphisms are known as standard
facts of real analysis (but note that they do not hold for general topologi-
cal spaces). For instance, it follows from the intermediate value theorem
that an injective continuous map of R into itself preserves or reverses
the ordering (i.e., it is strictly monotone or antitone). Conversely, it is
immediate that every order-preserving or order-reversing bijection maps
each open interval onto an open interval, hence its inverse map is contin-
uous. Therefore, the homeomorphisms of R are precisely the bijections
which preserve or reverse the ordering.

The same arguments, put together differently, show that a continuous
bijection of R preserves or reverses the ordering and therefore has a
continuous inverse. In other words, the continuity of f~! need not be
required in the definition of homeomorphisms of the real line. This is
true for maps between any two connected manifolds of the same dimen-
sion. The proof of this general result is much harder and uses Brouwer’s
theorem on the invariance of domain; see, for example, DUGUNDJI 1966
XVIL3.1.

Clearly, the homeomorphisms of R form a group under composition,
which will be denoted H(R) or, briefly, H. It has a normal subgroup
of index two, formed by the monotone (or order-preserving) bijections
and denoted HT(R) or HT. In other words, the subgroup H™ < ‘H has
precisely two cosets, consisting of the monotone and antitone bijections,
respectively.
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Our aims are to show that both the fixed point free elements and
the involutions form a conjugacy class, and that every element of H
is a product of at most four involutions. Moreover, we determine the
commutator subgroups and we describe all normal subgroups of H and
of H*. There are very few of them, thus the two groups are very close
to being simple. The material is taken from FINE-SCHWEIGERT 1955.
The more difficult proofs will be only sketched, the reader being re-
ferred to the original article for full detail. A more special result about
subgroups consisting of fixed point free homeomorphisms will also be
included (5.57).

We remark that we treat H as an abstract group, without a topology,
although there is a topology making H a topological transformation
group of R, namely, the compact-open topology; see DUGUNDJI 1966
Chapter XII. We also point out that we often omit the symbol for com-
position in H and write fg instead of f o g.

5.52 Definition: Special homeomorphisms Any element i € H of
order two will be called an involution. We shall show that each involution
is conjugate to the standard involution iy defined by ig(x) = —z. (Recall
that two elements g, h of a group G are said to be conjugate if there is
an f € G such that h = f~lgf. This is an equivalence relation.) By a
translation of R we mean an element ¢ € H without fixed points, that
is, t(z) # « for all z. The name will be justified when we show that
each translation is conjugate to the standard translation t, defined by
t1(x) =z +1. Applying the intermediate value theorem to ¢ —id, we see
that a translation satisfies either ¢(z) < x for all x or z < t(z) for all z.
Accordingly, we call t a left translation or a right translation.

The long line L does not admit any translations; compare Exercise 8.

5.53 Theorem FEvery involution v € H is conjugate to the standard
involution ig, where ig(x) = —zx. In particular, i reverses the ordering.

Proof Choose a € R arbitrarily. The involution i interchanges a and i(a)
and therefore reverses the ordering. Moreover, ¢ maps the interval with
end points a, i(a) onto itself. Applying the intermediate value theorem
to the map = — i(z) — x on this interval, we see that there is a fixed
point zg of i. Replacing i by its conjugate ¢, where i’ (x) = i(xz+x¢) — 0,
we reduce the problem to the case x¢g = 0.

Define a homeomorphism f € H* by f(z) = x for z <0 and f(z) =
—i'(z) for x > 0. Then f~ligf = i’ may be verified by showing that
—f(z) = f(@’(x)) both for x < 0 and for x > 0. O
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5.54 Theorem Every translation (fixed point free homeomorphism)
t € H is conjugate to the standard translation t1, where t1(z) = z + 1.
In particular, t preserves the ordering.

Proof The idea is similar to that of the last proof. If ¢ is a left transla-
tion, we pass to t'(x) = —t(—x); in other words, we conjugate t by i.
Thus, we may assume that ¢ is a right translation. Then the two-ended
sequence {t"(z) | n € Z} is strictly monotone. A least upper bound
of this sequence would be a fixed point of ¢, hence the sequence is un-
bounded above and, likewise, unbounded below. Thus, R can be written
as the union of the intervals I,, = [t"(0),t"T1(0)] for all n € Z. Clearly,
t induces a homeomorphism of I, onto I,11. We set f(x) = t"(x — n)
forn <z <n+1, n € Z. This defines a homeomorphism f € H, and
the conjugation identity f(¢1(z)) = ¢(f(z)) is easily verified. 0

We remark that the conjugating element in the last theorem may be
antitone. If we consider conjugacy in the group H*, then the first step
(conjugation with ig) in the proof of 5.54 is not needed. Hence, the
same proof shows that there are two classes of translations, the right
translations and the left translations.

5.55 Definition A one-parameter group of homeomorphisms of R or
a flow on R is a group homomorphism r +— g, from the additive group
R into H. Thus, we have the identity g,+s = ¢r9s = gsg.. Note that
9r = 9r/29r/2 18 always monotone. Conversely, we have the following.

5.56 Theorem FEvery monotone homeomorphism g € H™ can be em-
bedded as g1 in a flow g,,r € R.

Proof The proof is easy in the case of a translation g = t. Write g =
f7lt1f as in 5.54 and set g, = f~'t.f, where t.(x) = x + r is the
standard flow. In general, a monotone g € H has a fixed point set F,
and the complement of F' splits up into at most countably many disjoint
open intervals (the connected components of R \ F'). On each of these
intervals, g induces a translation, to which the previous argument may be
applied. The resulting flows combine into one global flow which induces
the identity on F'. O

The following result is taken from SALZMANN 1958. Its proof intro-
duces an ordering on a certain group of homeomorphisms. The entire
group ‘H cannot be made into a chain in a reasonable way, but it does
have partial orders. The system of all partial orders has some striking
properties; compare HOLLAND 1992.



60 Real numbers

5.57 Theorem Let G < H be a group of homeomorphisms acting
freely on R, that is, every element g € G {id} is fixed point free. Then
G is isomorphic, as an abstract group, to a subgroup of the additive
group R. In particular, G is commutative.

Proof Every element of G\ {id} is either a left or right translation. For
distinct elements g,h € G, we set g < h if h='g is a left translation.
This means that the evaluation map g — g(xg) of G onto an arbitrary
orbit G(xo) = {g(zo) | g € G} is an order isomorphism. This definition
makes G an ordered group, that is, g < h implies fg < fh and gf < hf
for all f,g,h € G.

Moreover, this ordered group is Archimedean, which means that for
any two elements g, h € G such that id < g < h there exists a natural
number n such that h < ¢g”. To verify this, just observe that the sequence
g"(xo) tends to infinity for every zp (use 5.54 or look into the proof of
that result).

Now every Archimedean ordered group is isomorphic to a subgroup of
the ordered group of real numbers with addition. We shall give a proof
of this embedding theorem in 7.8. O

5.58 Warning The last result should not be misunderstood. It does
not say that a freely acting group of homeomorphisms of R acts like a
subgroup of R considered as the group of standard translations x — x+r.
If G does not happen to be cyclic, then it is true that G is a dense
subgroup of R by 1.4, and every orbit G(z) is order isomorphic to this
dense subgroup of R. This does not allow us to conclude that G(z) is
dense in R. (If this is the case, then the action of G on R is indeed the
standard action.) For counter-examples and for a complete classification
of the groups G as transformation groups, see LOWEN 1985.

5.59 Theorem In the group H of homeomorphisms of R, every element
is a product of no more than four involutions. The number four is
best possible. Every monotone homeomorphism is a product of two
translations (in the sense of 5.52).

Proof (1) The standard translation 2 — z 4 1 is the product of the two
involutions z — —x and x — 1—x. Since every translation ¢ is conjugate
to this one (5.54), it follows that ¢ is a product of two involutions as well.

(2) We show that every monotone homeomorphism g is a product of
two translations (and, hence, of four involutions). On each connected
component of the complement of its fixed point set, g induces a transla-
tion. Since all translations are conjugate, we see that ¢ is conjugate to
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a homeomorphism h such that |h(z) — 2| is bounded by 1. Then ¢t = ht,
is fixed point free, where to(z) = x 4+ 2. Thus h = tt; ' is a product of
two translations, and this carries over to the conjugate g of h.

(3) If h € H is antitone, consider the antitone homeomorphism g =
t_1h and note that g(z) < h(z) for all . The antitone continuous map
defined by i(x) = min{g(x),g~(z)} is an involution i € H. Indeed, if
g(z) < g7 (), for instance, then gg(z) > z, hence ii(z) = i(g(z)) = .
For all  we have i(x) < g(x) < h(x); therefore, t = ih is fixed point
free, and h = it is a product of three involutions.

(4) Let h(z) = z for x <0 and h(x) = 2z for x > 0. If h is a product
of fewer than four involutions, then their number must be two, because h
is monotone. Suppose that h = ij is a product of two involutions. Then
the conjugate ihi = ji = h™! has fixed point set Fy,; = i(Fy,) =i(] ,0]).
This set is an interval of the form [a, [. But clearly h and h~! should
have the same fixed point set, a contradiction. O

The elements of H that can be written as a product of two involutions
have been characterized by YOUNG 1994. Moreover, he shows that there
are three involutions that generate a dense subgroup of H.

5.60 Theorem The centre of H is trivial, and the commutator sub-
group of both H and H* is H' = H™.

Proof (1) The map h,, defined by h,(x) = 2z —a has a € R as its unique
fixed point. Any element g € H commuting with h, must fix a.

(2) All commutators hgh~'g~! are monotone. Conversely, we show
that every (right) translation is a commutator of two monotone homeo-
morphisms. Since the translations generate the group H™ by 5.59, all
assertions about commutator groups follow. So let ¢ be a right transla-
tion. By 5.54, the two right translations ¢ and t? are conjugate; in fact,
the remark following 5.54 shows that t? = f~!tf for some monotone
homeomorphism f. The desired relation t = ¢t~ f 't f follows. O

Our next aim is to show that the only normal subgroups of H* are
the trivial ones {id} and H* itself, and the groups H_o, Hoo and H,
which we define next.

5.61 Definition We continue to denote the fixed point set of h € H
by Fp. The closure R \ {F},} of the set of non-fixed points is called the
support of h.

The groups H_oo, Hoo and H, consist of those homeomorphisms of R
whose support is bounded below or bounded above or compact, respec-
tively. Thus, h belongs to H_, or to He if, and only if, F}, contains
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some interval | ,a] or [a, [, respectively, and H, = H_oo N Hoo. Each of
these groups is a normal subgroup of HT, and H,. is also normal in H
itself.

5.62 Lemma Every proper normal subgroup N' < H™* is contained in
H_o or in Hee.

Proof (1) We assume that N contains elements whose support is un-
bounded below and others whose support is unbounded above. Our
aim is to show that then N contains a right translation. This implies
that A/ contains all right translations (5.54) and their inverses, the left
translations. Finally, 5.59 shows that that A" = H™.

(2) We examine the tools available for our construction. Every mono-
tone homeomorphism h € H* has a fixed point set F},, whose comple-
ment is a disjoint union of open intervals. On each interval I of this kind,
h induces a (left or right) translation. By passing to a conjugate fhf~1!,
f € H*, we may manipulate the fixed point set, which becomes f(Fy).
Instead of doing this, we can conjugate the translation induced on an
interval I and replace it with any other translation having the same
direction (left or right), see Theorem 5.54. This can be done simulta-
neously for all intervals I; the conjugating homeomorphisms together
define a monotone homeomorphism of R that induces the identity on
the set F},.

Our strategy in applying these tools is to construct, in this order,
elements of N whose fixed point set is bounded above, elements with
compact fixed point set, elements with at most one fixed point, and
finally translations.

(3) Assume that the support of A € N is unbounded above. We shall
construct an element g € N whose fixed point set is bounded above.
If h itself does not have this property, then there is an unbounded,
increasing sequence of open intervals I,,, n € N, on which h induces
translations in the same direction (say, right translations). The gap
between I,, and I,,4+1 is a closed interval J,,, which contains fixed points
and perhaps some other points that may be moved to the left or to the
right. Note that J, is mapped onto itself. Using the tools exhibited
in step 2, we may construct a conjugate f of h having ‘gap intervals’
Jn = [2n —1/5,2n + 1/5] and satistying ¢s(x) = |f(z) — x| > 2/5 for
allz € 2n+1—-1/5,2n+ 1+ 1/5], all n € N. Note that ¢(z) < 2/5
for x € J,. Now we form the conjugate f' = t_1 ft1, for which the roles
of the odd and even numbers are interchanged. It is easily verified that
the product g = f’f moves every x > 2 to the right.
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(4) If the support of the element ¢ constructed in step 3 is unbounded
below, then we can repeat the procedure of step 3 in a symmetrical
fashion and obtain an element with compact fixed point set. The same
can be achieved if the support of g is bounded below: by assumption,
there is an element whose support is unbounded below, and we can do
everything over again to obtain an element g’ whose fixed point set is
bounded below and whose support is bounded above. Then the fixed
point set of gg’ is compact.

(5) We have obtained an element k£ € N that induces translations
on two unbounded intervals | ,a[ and b, [. If these translations have
the same direction, then the ideas of step 3 can be applied to obtain
a translation belonging to A. If the directions are not the same, then
it is possible to construct an element with precisely one fixed point by
combining the ideas of step 3 with those of the next step 6. The details
of this argument are left to the reader (and can be found in FINE—
SCHWEIGERT 1955).

(6) Suppose that [ € A fixes precisely one point, say 0, and moves all
x < 0 to the right and all > 0 to the left. After taking the inverse, if
necessary, this is what we get from step 5. Using the tools of step 2, we
obtain a conjugate I of I that fixes the point 1 and satisfies I(z) < I'(z)
for all z. Then [~'!’ is a right translation, and this ends the proof. O

5.63 Theorem (a) The group H. of all homeomorphisms of R with
compact supports is simple, that is, it has only the trivial normal
subgroups: {id} and H. itself.

(b) The only non-trivial normal subgroup of H_, and of Hy, is H,.

(c) The non-trivial normal subgroups of H* are precisely H_ oo, Hoo,
and H,.

(d) The non-trivial normal subgroups of H are precisely H, and H™.

Proof (1) For v < v in RU {—00, 00}, we introduce the group H,
consisting of all A € H that induce the identity on | ,u] U [v, [. These
groups are all isomorphic to H*. An isomorphism ¢ : H,, — HT
is obtained by ‘conjugation’ with a homeomorphism f : Ju,v] — R.
Clearly, the groups H,, for u,v € R are all conjugate.

(2) If N < H, is a normal subgroup and h € N is not the identity,
then there is a minimal closed interval [u,v] C R such that h € H,,.
The appropriate isomorphism ¢ takes N’ N H, , to a normal subgroup
M of H*. The support of ¢(h) is unbounded above and below, and we
conclude from 5.62 that M = H* and that A contains H, ,. Hence, it
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contains H., which is the union of all conjugates of H,,,. This proves
assertion (a); the proof of (b) is entirely similar and is omitted.

(3) A proper normal subgroup of H™ is a normal subgroup of H_, or
of Heo by 5.62. Hence, assertion (c) follows from (b). Finally, consider
a normal subgroup N’ < ‘H which is not contained in H*. Then there is
an antitone homeomorphism h € . Given any right translation ¢, the
commutator A~ (¢t~ ht) belongs to N. Now h~t(¢t7tht) = (b1t 1h)t
is a product of two right translations, and such a product is again a
right translation. Hence, N contains all translations and their products,
which exhaust all of H™; see 5.54 and 5.59. i

A characterization of the group H has been mentioned after 3.7. Com-
pare also Section 6 of FINE-SCHWEIGERT 1955. For more general results
about simplicity of homeomorphism groups, we refer to EPSTEIN 1970
and references given there.

In relation to the structure of the homeomorphism group H, there are
some more results in the literature that we would like to mention.

The first such result, due to ABEL 1980, is about the subgroup P < H
consisting of all monotone, piecewise linear bijections and contrasts the
simplicity results about H. In fact, Abel shows that the group P contains
an uncountable collection of normal subgroups.

The following example given by COHEN—GLASS 1997 is of interest: if p
is an odd prime, then the elements f,g € H defined by f(z) = x+1 and
g(z) = aP generate a free subgroup of H. BENNETT 1997 constructs a
free subgroup of ‘H with n free generators, for every n € N. Actually, H
contains a free subgroup with a free generator set having the cardinality
of the continuum. For a proof, see BLASS—KISTER 1986.

Banach proved the following strange property of the group of ordinary
translations of the real line. There is a decomposition of R into disjoint
sets My, Ms, each having the same cardinality as R, such that for each
x € R and each ¢ € {1,2} the cardinality of the symmetric difference
(M; U (M;+x))~ (M; N (M; +x)) is strictly smaller than that of R. For
a recent proof, see ABEL-MISFELD 1990, where it is also shown that the
corresponding statement for Q is false.

Weird topologies on the real line

Despite their strange properties, the topologies described in this subsec-
tion occur quite naturally. The first of them represents a pathology that
causes unavoidable trouble in the theory of Lie groups (see 5.66, 5.68).
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5.64 Definition: The torus Recall the surjective local homeomor-
phism p : R — S; introduced in 5.16. (A local homeomorphism is a
map of topological spaces f : X — Y such that each z € X has an
open neighbourhood that is mapped homeomorphically onto some open
neighbourhood of f(z).) We consider the product space T? = S; x Sy,
which can be embedded in R? as the surface of a doughnut, and the
surjective map

g=pxp:R* = T?: (z,y) — (2%, ™) |

If I, J C R are any two open intervals of length 1, then the restriction of
q to the open square S = I x J is a homeomorphism onto its image ¢(.5),
and ¢(S) is open in T2. This follows from the corresponding properties
of p; compare 5.16. We conclude that T? is a 2-manifold and that the
surjection ¢ is continuous and open. In particular, T2 carries the quotient
topology with respect to ¢q. From the periodicity of p it follows that the
inverse images ¢~ (u) of the points u € T? are precisely the cosets of the
subgroup Z? < R2. Since ¢ is a group homomorphism, it follows that
T? may be considered as the factor group:

T2281 XSl ZRQ/ZQ .

5.65 Example: The torus topology on R The restriction of the
map ¢ (see 5.64) to the subgroup R(1,1/2) is injective because /2 is
irrational. Therefore, we can identify R as a set with its image under
the map t +— q(t,tv/2). The torus topology is defined as the subspace
topology induced on this copy of R by the torus T?. We shall write T
for the set of real numbers with this topology.

We note that T C T? is a dense subset; this follows from a well known
theorem of Kronecker, which asserts that even the cyclic subsemigroup
of T? generated by ¢(v/3,v/6) is dense. We shall prove Kronecker’s
theorem in 5.69. Each coset of T+ v arises as the image of T" under
the homeomorphism u — u + v of T2, hence T + v is dense, as well. In
particular, the complement of T' is dense.

5.66 Remark The torus is a topological group (addition and subtrac-
tion are continuous, compare Section 8) and, in fact, a Lie group (the
group operations are even differentiable). The continuity of group op-
erations carries over from T? to the subgroup T, i.e., T is a topological
subgroup. The study of this subgroup is forced on us by Lie theory.
Indeed, the map ¢ can be viewed as the exponential map from the Lie
algebra R? onto T?, and T is the exponential image of the Lie subalgebra
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R(1,+/2) < R2. Tt follows from the fundamental theorems of Lie theory
that T is a Lie group itself, but unfortunately, since T is not closed in
T2, the topology making T into a Lie group is not the topology inherited
from T?2. This is a widespread phenomenon among Lie groups; compare
also 5.68 below.

5.67 Proposition The torus topology on R is homogeneous and con-
nected, but not locally connected and not locally compact. All points
of T are non-separating, and T is locally homeomorphic to R x Q.

Proof Since T is a topological group (5.66), the maps u — u + v are
homeomorphisms of T" for each v € T, and homogeneity follows. The
continuity of the surjection ¢ : R — T shows that T is connected.

The next two in our list of properties follow from the local homeo-
morphism to R x Q, which is obtained as follows. The inverse image
A = ¢ NT) equals V + Z2, where V = R(1,v/2). The map ¢ is a
local homeomorphism from this set onto T because ¢ : R? — T2 is a
local homeomorphism (5.64). Therefore, it suffices to consider A. Us-
ing a real vector space decomposition R? = V x W, we obtain that
A=V x(WnNA),and WNA= A/V is a non-cyclic subgroup of W = R
generated by two elements (namely, the elements corresponding to two
generators of Z2, compare 1.6). By 1.4 or 1.6b, this subgroup is dense,
and by 3.5 it is chain isomorphic and, hence, homeomorphic, to the set
of rationals, Q.

It remains to be shown that no point separates T. By homogeneity,
it suffices to do this for the neutral element 0 € T. The proof of the
density of ' C T? shows in fact that ¢(P(1,v/2)), where P = 0, [, is
dense in T2. In particular, this connected set is dense in 7'~ {0}, which
shows the connectedness of the latter set. O

5.68 Remark: Retrieving the original topology of R The fact
that T is locally homeomorphic to R x Q allows us to reconstruct the
standard topology of R. In a neighbourhood homeomorphic to R x Q
(every open set in R x Q contains such a neighbourhood), the sets of the
form R x {r}, r € Q, are precisely the arcwise connected components.
Under the map ¢, these sets correspond to open intervals in the real
line. Therefore, a method to reconstruct the original topology is to de-
fine the arcwise connected components of all open sets of T to be open.
This method works for non-closed Lie subgroups of Lie groups in gen-
eral; see GLEASON—PALAIS 1957, HOFMANN—MORRIS 1998 Appendix 4,
STROPPEL 2006 §39.
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This ends our treatment of the torus topology, but before we start
another topic we want to supply a statement and proof of Kronecker’s
Theorem, which we relied on in 5.65. In the course of the proof it will
become clear in which sense the theorem generalizes the result 1.6b on
subgroups of R* having two generators. The proof given here is taken
from BOURBAKI 1966 VII §1.3. A very direct proof is given by ADAMS
1969 4.3. We formulate Kronecker’s theorem (in its first version) for the
n-dimensional torus T" = R"/Z". Let ¢ : R" — T" denote the quotient
map.

5.69 Kronecker’s Theorem Letw = (wy,...,w,) € R™ be given and
suppose that the numbers 1, w1, ..., w, are linearly independent over Q.
Then the semigroup generated by q(w) is dense in T™.

Proof (1) First we look at the cyclic group generated by g(w) rather
than the semigroup; in other words, we consider also multiples zg(w)
with negative z € Z. By continuity of ¢, it suffices to show that the
group H < R"™ generated by w together with kerq = Z" is dense. (In
the case n = 1, this is the result 1.6b.)

If H is not dense, then we apply the classification of all closed sub-
groups of R™; see 8.6. It implies that there is a basis vy,...,v, of R”
such that the closure H consists of all linear combinations v = Z?Zl TiU;
satisfying r; € Z for ¢ > 4y and r; = 0 for ¢ > is, where i1 < i < n.
We have i; < n since H is a proper subgroup of R", and i, = n be-
cause Z" < H generates the real vector space R™. In particular, there
is a non-trivial linear form f(v) = r, on R™ which takes only inte-
ger values on H. The standard basis vectors ey, ..., e, belong to Z",
hence the values f(e;) are integers, not all equal to zero. We find that
fw) =" w;f(e;) € Z, and this contradicts our assumption of linear
independence.

(2) We have shown in particular that the integral multiples of g(w)
accumulate at 0 € T™. This implies (by continuity of subtraction in T™)
that there is a strictly increasing sequence of natural numbers n; such
that nig(w) — 0 in T™. Now we use a metric d on T™. Suppose we have
d(zq(w),t) < e for some negative integer z and ¢t € T". By continuity
of addition, (z + ng)g(w) — zq(w). Thus, we can find n; > —z such
that d((z + ng)q(w), zq(w)) < e, and then d((z + n)g(w),t) < 2¢ as
desired. O

We use this opportunity to rephrase Kronecker’s Theorem in terms of
Diophantine approximations.
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5.70 Kronecker’s Theorem, second version Let wy,...,w, be real
numbers such that 1,wy,...,w, are linearly independent over Q. For
any numbers vi,...,v, € R and € > 0 there exist integers k > 0 and
21,...,%n such that for each i € {1,...,n} we have

lv; — kw; — 2| < e .

Proof Let w = (wy,...,w,) and v = (vy1,...,v,). Let U C R™ be the
openset U ={x—z|x € R",z € Z",||lv — z|| < ¢}. Here we use the
norm |ly|| = max{|y1],...,|yn|} on R™. With respect to the quotient
map ¢ : R® — T", the set U is saturated, that is, U = ¢ 'q(U), and
therefore ¢(U) is open in T". According to 5.69, the set ¢(U) contains
some multiple kq(w), k € N. This means exactly what is stated in the
assertion. We remark that these arguments can be read backwards to
show that the present version of the theorem implies the earlier, group
theoretic one. O

5.71 Uniform distribution The following sharper result is due to
Bohl, Sierpinski and Weyl: under the assumptions of 5.70, the sequence
kw € R™ k € N, is uniformly distributed modulo 1. This means that
for every box B(e) = {y € R" | |ly —v|| < €}, the proportion of
elements kw contained in B(g) 4+ Z"™ among the first N members of the
sequence converges to the box volume (2¢)” as N — oo. For a proof
and more information, see HLAWKA et al. 1991 Proposition 4 on p. 26
or KUIPERS-NIEDERREITER 1974.

5.72 Example: The topologies of semicontinuity Let X be a
topological space. A lower semicontinuous map f : X — R is a map such
that for each b € R the inverse image of |b, [is an open set. This property
can also be described as continuity with respect to the topology on R
generated by a basis consisting of all the intervals |b, [ with b > —o0.
In fact, the basis coincides with the topology in this case, and the open
sets form a chain with respect to inclusion.

From this it follows that the topology of lower semicontinuity is con-
nected (even every subset is connected), and the subspaces [z, [ are
compact. Points are not closed sets, hence there is no metric generating
this topology. There is a countable basis: just restrict b to be a rational
number. The ordinary topology of R is the coarsest one that contains
this topology together with its mirror image, the topology of upper semi-
continuity. This expresses the familiar fact that a map is continuous if,
and only if, it is both upper and lower semicontinuous.
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5.73 Example: The Sorgenfrey topology The Sorgenfrey line S
is the set R endowed with the topology generated by all intervals of the
form J]a, b]. For a metric space X, continuity of a map f : S — X means
that the left-sided limit f(s—) exists for each s € S and coincides with
f(s). The Sorgenfrey line obviously is separable, but the topology does
not have a countable basis. Indeed, a basis must contain at least one
interval ]a, b] for each b € R. A separable metric space has a countable
basis, consisting of all balls having rational radius, and centre belonging
to a given countable dense set; compare 61.13. Consequently, .S is not
metrizable.

The sets | ,z] and |z, [ are open in S, and S is not connected. How-
ever, S can be embedded as a dense subspace of some connected and
locally pathwise connected space; see FEDELI-LE DONNE 2001. The se-
quence (1/n), has no convergent subsequence. Every open set contains
a translate of this sequence (up to finitely many elements), hence no
neighbourhood of any point is sequentially compact and S is not locally
compact.

In SORGENFREY 1947, this topology on R was introduced as an exam-
ple of a paracompact (and hence normal) space whose Cartesian square
S x S is not normal; compare also VAN DOUWEN—PFEFFER 1979.

5.74 Note We mention some other results pertaining to our present
topic. In BAKER et al. 1978, it is shown that there are many topologies
on the real line that produce the same set of convergent sequences as
the standard topology. The infimum of these topologies is the cofinite
topology (precisely the complements of all finite sets are open); this
topology itself does not have the property mentioned. In GUTHRIE et al.
1978 a maximal connected topology on R is constructed that is finer than
the standard topology. VAN DOUWEN—-WICKE 1977 give an example of a
topology on R having an especially strange cocktail of properties. Finally
we mention the article CH’UAN-LIU 1981 on topologies making R into
a topological group; we shall return to this in Section 8.

5.75 Note: Ordering and topology on R Following the general
pattern of this book, the reader might expect to see a section on the
relationships of the ordering and the topology on the real line, such
as the one on ordering and group structure which follows (Section 7).
However, there is no such section, and this is due to the results proved in
the present section, which say that not only does the ordering determine
the topology (3.1), but also the topology determines the ordering up
to reversal (that is, up to interchanging < with >); this was the key
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step in the proof of the characterization theorem 5.10. One cannot
expect something new to arise from combining two structures that are
essentially the same. Compare, however, 5.51.

Exercises
(1) Consider a topological space Z = X UY. A subset A C X NY which is
open (closed) in both X and Y is open (closed) in Z.

(2) Consider the split reals (Section 3, Exercise 1) with the topology induced
by the ordering and compare the topological properties of this space to those
of R.

(3) Prove the properties of the counter-examples described before 5.21 and in
5.23.

(4) Show that the space J = R \ Q of irrational numbers is n-homogeneous
for each n € N.

(5) Divide the triangle T with sides of length 3, 4 and 5 by an altitude into two
similar triangles To and T3, where Tp is the smaller one. Proceed by induction:
divide each T} by an altitude into similar triangles Txo, Tk1, the smaller one
being Tro. Write each real number in the interval [0, 1] as a binary expansion
c=0.cica..., put ¢v =cicz...c,, and map ¢ onto Tc = (), T,|,. Show that
this map is well-defined and is a continuous surjection ¢ : [0,1] — T,

(6) Give an example of a subchain S of R such that the order topology of S
is different from the subspace topology.

(7) Give an example of a subspace of R which is complete with respect to a
compatible metric, but not complete with respect to the ordering.

(8) Show that every continuous, increasing self-map of the long line L has a
fixed point.

(9) Use back and forth induction as in 3.4 to show that any two countable,
atomless Boolean algebras are isomorphic. (A Boolean algebra is the same
thing as a complemented distributive lattice.)

(10) Let 3 = R~ Q. Show that the subset S := Q% U J? of R? is arcwise
connected (REN 1992).

6 The real numbers as a field

The real numbers equipped with their addition and multiplication form
a field. The field structure has already appeared explicitly in this book
(Section 2), and was used implicitly on several occasions, for example,
in Section 3. The present section will focus on properties concerning the
field structure alone. There will be other sections on R as an ordered field
(Section 11) or as a topological field (Section 13). In order to emphasize
the roles played by ordering and topology, we treat these aspects in
separate sections although the ordering and, hence, the order topology
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of the real number field are completely determined by the algebraic
structure (the positive real numbers are precisely the non-zero squares).

Following the general pattern of this book, we begin by examining
the precise relationship between addition and multiplication in a field;
in other words, we scrutinize the field axioms; compare also Section 64.

6.1 The field axioms A skew field consists of two group structures
(F,+), with neutral element 0, and F* = (F ~\ {0},+), with neutral
element 1, having almost the same underlying set. Multiplication has to
be defined for all pairs in F' x F, and the two structures are connected
by the two distributive laws

alx +y) =ax+ay
(z+y)a=za+ya.

Usually, commutativity of addition = + y = y + x is stipulated as an
additional axiom, but this can be proved by computing (1 +z)(1+4y) in
two ways, using the left and right distributive laws one after the other,
in different orders.

Commutativity of multiplication zy = yx is another matter and holds
only for a subclass of all skew fields, the fields, which of course include
the real numbers. The standard example of a proper (non-commutative)
skew field is provided by the quaternions H; see Section 13, Exercise 6,
or 34.17.

It is often intriguing to beginners that the neutral element 0 has to
be excluded from the multiplicative group, which means essentially that
division by zero is banned. This is unavoidable because we do not want
to accept fields consisting of 0 alone: the distributive law enforces that
0z = 0 for all z (indeed, 0z = (0 + 0)z = Oz + Ox); if we allow division
by 0, we end up with 1 = 007! = 0 and = 1z = 0z = 0 for all 2. (As
a ring, {0} is usually accepted, but not as a field.)

To highlight the importance of the distributive laws, we interpret them
as follows. We consider the left multiplication maps A\, : © — ax, a € F.
The first distributive law asserts that A, is an endomorphism of the
additive group (F,+), and the second one says that the map sending
a to A, is a homomorphism from (F,+) into the semigroup End F' of
all endomorphisms of (F,+). A similar statement, with the roles of the
distributive laws interchanged, holds for the right multiplication maps
Pa i T Xa.

While students are sometimes tempted to divide by zero, ignoring
the fundamental lack of symmetry between 0 and 1, the much stronger
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asymmetry of the distributive laws usually goes unnoticed, and no one
misses the ‘dual distributive law’ (ab) + ¢ = (a + ¢)(b + ¢) among the
field axioms. This law does hold in Boolean algebras (where one usually
writes v and A for the operations of addition and multiplication), but
there we do not have additive or multiplicative inverses. In the presence
of the other field axioms, the dual distributive law becomes contradic-
tory: evaluating (14 1)(0+1) in two ways one would obtain that 1 = 0.

Interesting generalizations of the skew field axioms are obtained if
one dismisses the associative laws of addition and multiplication and
the distributive laws wholly or in part. From the group axioms, one
retains that the equations ar = b, xa = b for a # 0 and a + x = b,
x 4+ a = b for arbitrary a have unique solutions. This leads to notions
such as nearfield, quasifield, semifield. These structures are important
in geometry because the weak axioms, together with a condition on the
unique solvability of certain types of ‘linear’ equations, still ensure that
F x F with lines defined by the equations of type y = ax+b or x = const.
forms an affine plane, obeying Euclid’s parallel postulate. A detailed dis-
cussion and numerous examples can be found in SALZMANN et al. 1995.
Nearfields (lacking only one distributive law) are also important because
of their relationship with sharply 2-transitive permutation groups; see
DI1XON—MORTIMER 1996 7.6.

6.2 Independence of the field operations (a) The additive group
of real numbers does not determine the multiplication of the field R.
Indeed, the field of complex numbers has an additive group isomorphic
to that of the real numbers (see 1.15), and C* 22 R*, because C* has a
large torsion subgroup Q%/Z (compare 1.20 and 1.24).

(b) Conversely, suppose that F is a field such that F* &2 R* = Oy x RT;
compare 2.2. If char F = 0, then F* =2 R* by 1.14. (We shall return to
this case in part (d) below.) If char F' = p is a prime, then p # 2 and
F* = R* contains the multiplicative group F,; of the prime field, hence
p=3.

(c) Now we can produce an example of a field F' such that F* = R*
and Ft 22 R*. Using model theory, an example with similar properties
is constructed by CONTESSA et al. 1999 6.2. As in 2.10, we consider the
field of Puiseux series

F =TF3((t">));
compare 64.24. We have char F' = 3, hence all non-zero elements of

F* have order 3, and F* 2 RT. Every series a € F* can be written
uniquely as a = agt”(1 + b), where r = v(a) € Q and ag € F5. Here, v
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is the natural valuation of F', as in 64.24. It follows that 1 + b belongs
to the subgroup F; = {1+c € F | v(c) >0} < F*, and we obtain a
direct product decomposition of the multiplicative group

FX2FX xt9x Fy.

As in the proof of 2.10, it can be shown using Lemma 2.9 that F; has
unique roots; in steps (2) and (3) of the proof, the prime 2 has to be
replaced with 3. This is possible since F' has characteristic 3, whence
(X ik citi/”)s =, 2t/ It follows that F* 22 Cy x H, where the
group H has unique roots.

We want to apply 1.14 in order to show that H = R*, hence we
need to determine card H = card F. The inclusions Fy C F C FY
show that card F' = 2% = card R (compare 1.10), and 2.2 implies that
F* >0y x Rt 2 R*.

See 14.7 and 34.2 for analogous questions about the fields C and Q.
(d) Finally, we give an example of a field F such that F* = RT and
> =2 R* are separately isomorphic to their counterparts in R but
F 2 R as a field. See 24.4f for other examples with these properties,
and 14.7 for an analogous example concerning the field C.

The field R may be described as an algebraic extension of a purely
transcendental extension Q(7'); in other words, T is a transcendency
basis of R over Q; compare 64.20. Now let S C T be a proper subset
having the same cardinality as 7. Then Q(S) = Q(T), and this field
has the same cardinality as its algebraic closure, C; see 64.16. From the
inclusion S C T we obtain a proper inclusion of the algebraic closures
Q(S)* C Q(T)* = C (proper, because elements of T\ S do not belong
to Q(S)% compare 64.20), and we define F' to be the field

F=Q(S) NR

of all real numbers that are algebraic over Q(S). The additive group F'*
is uniquely divisible (since char F' = 0) and has the same cardinality as
R, hence F'T = RT by 1.14. The multiplicative group is a direct product
F* = (=1) x F}), where F | consists of the positive elements. By our
construction, the latter group has unique roots, and 1.14 shows that it
is isomorphic to RT. By 2.2, this implies that F'X = RX. As a field,
however, F' is not isomorphic to R. Indeed, the positive elements of F
are precisely the non-zero squares, hence a field isomorphism F — R
would be an order isomorphism (compare 11.7), but F' is a dense proper

subchain of R, hence F' is not complete.
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6.3 Subfields of R Every subfield F < R contains the element 1 and,
hence, the subfield generated by 1, the prime field Q of R. Thus F
may be described as an extension field of QQ; compare Section 64. Easy
examples are the fields Q(v/2) = {qg+7v2 | ¢, € Q}, and the simple
transcendental extensions Q(t) (e.g., t = =), consisting of all rational
expressions p1(t)/p2(t) € R, where p;, ps are polynomials with rational
coefficients and py # 0. Other nice subfields include the field R N Q* of
all real algebraic numbers, the Euclidean closure and the Pythagorean
closure of Q; see 12.8. A remarkable fact is that the vector space di-
mension of R over any proper subfield is infinite, as a consequence of
Theorem 12.15.

Following our general scheme, we look for homomorphic images of the
field R, but we do not find much. This is because, for every homomor-
phism ¢ : F — H between fields, the kernel ¢ ~1(0) is an ideal of F,
and since F' is a field, its only ideals are {0} and F'; compare 64.3. This
means that ¢ is a monomorphism (so the image field is nothing new)
or ¢ = 0. Of course, in the latter case ¢(1) # 1, so ¢ is usually not
considered to be admissible as a homomorphism between fields.

For endomorphisms ¢ : R — R, we can say even more, but we need the
inextricable tie between the field structure and the ordering of R, which
we shall study systematically later on. At first, it seems conceivable that
R is isomorphic to some proper subfield of itself or that R has non-trivial
automorphisms, but none of this is true; the following result is due to
DArBOUX 1880.

6.4 Rigidity Theorem (Darboux) The only non-zero endomorphism
of the field R is the identity. In particular, the automorphism group of
R is trivial: AutR = {id}.

Proof A non-zero endomorphism ¢ is injective by the preceding remarks.
From ¢(1) # 0 and (1) = ¢(1?) we conclude that (1) = 1. Tt follows
that ¢ induces the identity on Q.

Now we use the fact that the positive real numbers are precisely the
non-zero squares, and its consequence, that every endomorphism sends
positive numbers to positive numbers and, hence, preserves the ordering;
compare 11.7. If there is a number r such that ¢(r) # r, then there is
a rational number ¢ between r and ¢(r), and ¢ cannot preserve the
ordering of the pair ¢, r. a

A skew field without any non-trivial automorphisms is said to be rigid,
thus we have proved that R is rigid. A well known non-rigid field is the
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field of complex numbers with its conjugation automorphism. There are
subfields of R admitting the same type of automorphism, for example,
the field Q(v/2) has the automorphism ¢ 4+ rv/2 +— g — r/2. The simple
transcendental extension Q(¢) has automorphisms sending the element ¢
to (at+b)/(ct+d), where ad—bc # 0; see 64.19 and references given there.
Apart from non-trivial automorphisms, the field of complex numbers has
proper (i.e., non-surjective) endomorphisms; see 14.9. We remark here
that C has rigid extension fields. In fact, DUGAS—GOBEL 1987 show
that every field can be embedded in an extension field with prescribed
automorphism group.

Exercises
(1) The field R has an uncountable, strictly increasing family of subfields.
(2) We denote by Z[[z]]" := {2 ns0anT™ | @n € Z A 3o,kenVnen |an| < Cn*}
the set of all integral power series with polynomially bounded coefficients.
Show that Z[[z]]* is a subring of the integral power series ring Z[[z]] and that

the quotient ring Z[[z]]" /(1 — 2x) is isomorphic to the field R.
(See also Section 51, Exercise 3.)

7 The real numbers as an ordered group

We take it as a known fact that the real numbers with their usual addi-
tion and their usual ordering form an ordered group in the sense of the
following definition.

7.1 Definition An ordered group is a set G equipped with two struc-
tures, a group structure (G, +) and a chain structure (G, <), related by
the law of monotonicity

r<y = z+c<y+candct+z<c+y,

which holds for all z,y, c € G. Even though we write 4 for the operation
in G (because we think of the example R"), we do not assume that G
18 commutative.

The law of monotonicity admits an interpretation reminiscent of the
one we gave for the distributive laws in a skew field, see 6.1. We consider
the left and right addition maps A, p. : G — G, defined by \.(z) = c+x
and p.(z) = x + ¢. The law of monotonicity expresses that these two
maps are endomorphisms (order-preserving maps) of the chain (G, <).
Observing that, for instance, A.A_. = A_ A\, = idg, we see that these



76 Real numbers

maps are in fact automorphisms (order-preserving bijections). Observ-
ing moreover that Ay_,(x) =y, we obtain the following proposition. In
passing, we also note that the inversion map g — —g is antitone in every
ordered group.

7.2 Proposition The chain underlying an ordered group is homoge-
neous, i.e., it has a transitive automorphism group. ad

Thus the group influences the chain underlying an ordered group.
Conversely, if 0 < x € G, then £ < x + = by monotonicity, and an
easy induction shows that the multiples nax with n € N form a strictly
increasing sequence. In particular, they are all distinct, and the same
holds for x < 0 by a symmetric argument; these remarks prove the
following.

7.3 Proposition Every ordered group is torsion free. O

Conversely, a torsion free group which has a (transfinite) descending
central series with intersection {0} can be ordered; see NEUMANN 1949b,
PriEss-CRAMPE 1983 I §4 Satz 14. In particular, this holds for torsion
free abelian groups and for non-abelian free groups.

We mention that every divisible ordered abelian group is isomorphic
to an initial subgroup of the additive group of Conway’s surreal numbers;
see EHRLICH 2001.

The next definition introduces a particularly important feature of the
ordered group of real numbers.

7.4 Definition An ordered group G is said to be Archimedean if for
any two elements a,b € G such that 0 < a, there is a natural number
n € N such that b < na.

Examples of Archimedean ordered groups are common enough; com-
pare 7.5 below. For examples of non-Archimedean ordered groups, see
7.14 and the exercises.

For brevity, we call an ordered group with a complete underlying chain
a completely ordered group.

7.5 Theorem Every completely ordered group is Archimedean. In
particular, the ordered group of real numbers is Archimedean.

Proof If G is not Archimedean, then there is a positive a € G such
that the increasing sequence na, n € N, is bounded. There exists ¢ =
sup Na = sup(Na + a), but monotonicity implies that sup(Na + a) =
(sup Na) + a, which is a contradiction. O
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7.6 Proposition Let G be an ordered group.
(a) If G has no smallest positive element, then for every positive g € G
and every n € N, there exists a positive h € G such that nh < g.
(b) If G is Archimedean and has a smallest positive element e, then G is
the infinite cyclic group with generator e, endowed with the natural
ordering.

Proof (a) If no smallest positive element exists and 0 < g € G is given,
we find an element x with 0 < z < g. We write ¢ = 4+ y and find a
positive element z < min(z,y). Then 2z < g, and assertion (a) follows
by induction.

(b) Suppose that e is a smallest positive element and that G is Archi-
medean. The cyclic group Ze generated by e exhausts G because for
each g € G there is an n € Z such that ne < g < (n + 1)e, and then
g =mne or else 0 < g —ne < e. Clearly, we have ne < me if, and only if,
n < m. |

The following Proposition is the first step in proving Holder’s embed-
ding theorem 7.8.

7.7 Proposition Every Archimedean ordered group is commutative.

Proof If G is Archimedean and not commutative, then there are positive
elements a,b € G such that a+b < b+a. We may write b+a = a+b+c,
and in view of 7.6 we may assume that there is a positive d € G with
2d < ¢. We find non-negative integers m, n satisfying md < a < (m+1)d
and nd <b < (n+1)d, and we set k = m+n+2. Then kd < a+b+c =
b+ a < kd, a contradiction. O

The following important embedding theorem is essentially due to
HOLDER 1901 §12.

7.8 Theorem (Holder) Every Archimedean ordered group G is order-
isomorphic to some subgroup of the ordered group R.

Proof We follow PRIESS-CRAMPE 1983 I §3 Satz 4; compare also BLYTH
2005 10.16. We may assume that G is not trivial. Fix an arbitrarily
chosen positive element e € G. For each a € G, we define two subsets
of Q, the ‘lower set’ L(a) and the ‘upper set’ U(a) such that these two
sets form a Dedekind cut of Q. This means that Q = L(a) UU(a) and
that ¢ € L(a), r € U(a) implies ¢ < r. The definition is

L(a) ={% | m e Z,necNme<na}
U(a) ={%|u€ZwveNue>va}.
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If me < na and ue > va, then mve < nva < nue and mv < nu. This
proves that L(a) < U(a). That Q is the union of the two sets is a direct
consequence of their definition. Moreover, L(a) and U(a) are not empty,
since G is Archimedean. Thus we have obtained a Dedekind cut, and
we define f(a) = sup L(a) = inf U(a), the real number determined by
this cut.

We show next that L(a) + L(b) C L(a + b), whence f(a) + f(b) <
fla+0b). Together with a similar result for upper sets, this will imply
that f is a group homomorphism. So let me < na and ue < wvb; then
(mv 4+ nu)e < nva + nvb = nv(a + b) as desired; note that we used
commutativity (7.7) for the last equation.

It remains to be shown that f is injective. So let 0 < @ in G. By
the Archimedean property, we may choose n € N such that e < na, and
then 1/n € L(a) shows that f(a) > 0. O

7.9 Corollary FEvery non-trivial completely ordered group is isomor-
phic to one of the ordered groups Z or R.

Proof A completely ordered group G is Archimedean (7.5) and isomor-
phic to a completely ordered and, hence, closed subgroup of R by 7.8.
On the other hand, every subgroup of R is either cyclic or dense (1.4),
and the assertion follows. O

7.10 Corollary If G is an ordered group which is isomorphic to R as
a chain, then G is isomorphic to R as an ordered group. O

In general, the connection between an ordered group and its underly-
ing chain is much looser. For example, ALLING-KUHLMANN 1994 show
that for any a > 0, there exist 28 non-isomorphic ordered divisible
abelian groups of cardinality N, that are all isomorphic as chains.

The opposite of 7.10 is also far from true; namely, there are many
non-isomorphic ordered groups that are isomorphic to RT as groups.
For example, every hyperplane of the rational vector space R (compare
1.11ff) is an ordered group (with the ordering induced from R) and is
not completely ordered, but Archimedean. A non-Archimedean ordering
on the group RT can be obtained using the isomorphism R = RT R+
of 1.15 and the lexicographic ordering on the latter group, defined by

(xay)ﬁ(l",y/) = z<2a' or :E:x’/\ygy’,

Another example is given by the non-standard rationals; see 22.4 and
22.8. See 7.14 and ALLING-KUHLMANN 1994 for refinements of these
constructions.



7 The real numbers as an ordered group 79

Subgroups of the ordered group R abound; compare 1.15. Quotient
groups, on the other hand, are scarce. Indeed, the kernel of an epimor-
phism ¢ : R — G of ordered groups is an interval since ¢ is monotone,
hence ¢ = 0 or ¢ is an isomorphism.

In contrast to the huge automorphism group of the additive group RT
(see 1.32), the automorphism group of the ordered group R is rather
tame:

7.11 Theorem The endomorphisms of the ordered group R are pre-
cisely the maps ¢, : ©* — ax, where 0 < a € R. Thus, the semi-
group End(R, +, <) is isomorphic to the multiplicative semigroup of
non-negative real numbers.

Proof Let ¢ be an order-preserving endomorphism. If ¢(r) = 0 for
some 1 # 0, then ¢[0,7] = {0} by monotonicity, and then ¢ = 0 = (.
Therefore, we may assume that ¢ is injective. We set a = (1) > 0 and
define an order-preserving endomorphism ¥ = ¢,-1¢; then (1) = 1,
and we have to show that ¢ = id. Unique divisibility of RT (see 1.8)
implies that 1(q) = ¢ for all ¢ € Q. If ¢(r) # r for some r € R, then
there is a rational number between +(r) and r (see 3.1), and we obtain
a contradiction to monotonicity of . O

The preceding result is a special case of the next one. Nevertheless,
we include two independent proofs, as both of them are instructive.

7.12 Theorem For any subgroup G < R¥, the order-preserving group
homomorphisms ¢ : G — R are precisely the maps ¢, : g — ag, where
0<a€eR.

Proof As in the previous proof, we only have to consider injective ho-
momorphisms . For any two positive elements g,h € G and m,n € N
we have the equivalence

h h
E§f<:>mg§nh<:>mga(g)§nga(h)<:> SM.

n=g ©(9)
In other words, the real numbers h/g and ¢(h)/p(g) are both equal
to the supremum of the same set of rational numbers. Hence, the two
numbers are equal, and we infer that ¢(g)/g = @(h)/h is a positive
constant a € R. This shows that ¢(g) = v.(g) for 0 < g, and it follows
that this equality holds for all g € G. O

s|3

The exponential map is a group isomorphism R = R (see 2.2),

and is monotone. Hence Rt and R}, are isomorphic ordered groups,

and we rephrase the previous result in terms of multiplication as follows.



80 Real numbers

X

poss the order-preserving

7.13 Corollary For any subgroup H < R
group homomorphisms H — R} are precisely the maps h +— h®, where

0<acR. O

The following result on the number of orderings of (R, +) will be used
later for constructions of real closed fields and of involutions in Aut C;
see 12.14 and 14.16.

7.14 Theorem Let G be the group RT, let X = 2% = card G, and
let ¢ € {Ng, N, 2%}, Then there exist precisely 2% isomorphism types of
ordered groups (G, <) such that card Aut(G, <) = c.

Proof There exist only 2% (ordering) relations on the set R, hence it
suffices to find at least 2% isomorphism types of ordered groups (G, <)
as required. We construct rational vector spaces G of cardinality N with
suitable orderings, rather than taking G = R™T directly; compare 1.17;
the constructions use the axiom of choice.

First we treat the case ¢ = Ry. The rational vector space R contains
2% hyperplanes (see Section 1, Exercise 4). Take for G any of these
hyperplanes, and endow it with the ordering induced from the natural
ordering of R. By 7.12, each hyperplane is order-isomorphic to at most N
other hyperplanes. Therefore we obtain 2% isomorphism types of ordered
groups (G, <); compare 61.13a. Again by 7.12, the automorphism group
Aut(G, <) consists of all maps  — rx with 0 < r € R and rG = G.
Clearly F := {r ¢ R | rG = G} U {0} is a subfield of R, and G is a
vector space over F'| hence also the quotient group R/G = Q is a vector
space over F'. Thus card F' = Ry = card Aut(G, <).

Next we consider the case ¢ = R. Choose any subfield F' of R such
that card F = X = [R : F; such subfields can be obtained by splitting
a transcendency basis of R over Q into two parts of cardinality N (see
64.20). There exist 2% subspaces G of R considered as a vector space
over I'. As in the previous paragraph, we use 7.12 to conclude that we
obtain 2% isomorphism types of non-trivial ordered groups (G, <). Here
we have card Aut(G, <) = R; see 7.12 and observe that each map z — rz
with 0 < r € F is an automorphism of (G, <).

Now we deal with the case ¢ = 28. Let (G, <) be one of the ordered
groups constructed so far, with card Aut(G, <) € {Rg, X}. We denote by
G® the direct sum @, cr G endowed with the lexicographic ordering.
Then card G®) = X by 61.14 and 61.13. The automorphism group of
the ordered group G®) contains the Cartesian power X,.cg Aut(G, <),
which has cardinality 2%, hence card Aut G(®) = 2R,
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We claim that distinct isomorphism types of ordered groups (G, <)
give distinct isomorphism types of ordered groups G®); this implies
that there are enough isomorphism types as required. For each positive
element g € G®), the two sets Ay :=J, ey {2 € G® | —ng <z <ng}
and By := (,en{2z € G® | —g < nxz < g} are convex subgroups.
The ordered quotient group A,/B, is called a jump of G®) . Now g
has finite support, and we denote by r be the smallest real number
with g, > 0. We obtain A, = {z € G® | 2, = 0fors < r} and
B, ={r € G® | 2, = 0for s < r}, since (G,<) is an Archimedean
ordered group. Therefore each jump determined by a positive element
g of G® is isomorphic to (G, <). ]

Exercises

(1) The vector group R? becomes a non-Archimedean ordered group when
endowed with the lexicographic ordering defined by (a,b) < (a’,V') = a < d/,
ora=a and b<b.

(2) A non-commutative, non-Archimedean ordered group is obtained by taking
on R? the lexicographic ordering and the group operation (a,b) + (c,d) =
(a4 ¢, b+ e®d) of the semidirect product R x R; compare 9.4f. Generalize this
to arbitrary semidirect products of ordered groups.

(3) The set {2™3™ | m,n € Z} is dense in the set of positive real numbers.

(4) Let c € RN Q and A = Z + Zc. Describe the structure of the group of
all those automorphisms of the group A which preserve the ordering inherited
from R.

8 The real numbers as a topological group

A topological group should be a group (G, +) carrying a topology com-
patible with the group structure. We could model the compatibility
conditions after the conditions for ordered groups as expressed in the
remark following 7.1. In other words, we would require that left or right
multiplication with any fixed element defines a homeomorphism of G.
This leads to the notion of a semi-topological group, which is too weak
for most purposes; compare 62.1 and the subsequent remarks. (But
at least, this shows that the topological space underlying a topological
group is homogeneous.) Instead, we define topological groups as follows.

8.1 Definition Let (G,+) be a group and let 7 be a topology on G.
Then (G, +,7) is called a topological group if addition (g, h) — g+hisa
continuous map G X G — G and inversion g — —g is a continuous map
G — G. Usually, it will be assumed that 7 is a Hausdorff topology.
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If we equip RT with the cofinite topology (a proper subset is closed
if, and only if, it is finite), then we obtain a semi-topological group with
continuous inversion, but addition R x R — R is discontinuous. On the
other hand, R™ with the Sorgenfrey topology (5.73) is a para-topological
group, which means that addition is continuous in two variables, but
inversion need not be (and in our example, is not) continuous.

8.2 Proposition RT is a topological group with respect to the usual
topology on R.

Proof If z,2’,y,y € Rand |z — 2'| <e¢, |y —y'| < &, then the triangle
inequality gives |z +y — (2' +¢')| <2c and | — 2z — (—2')| < e.

The same proof works for the additive group of any (skew) field with
absolute value (as defined in 55.1). 0

We remark that local compactness of the group RT is the most im-
portant of its topological properties in the context of topological groups.
Other relevant properties are connectedness, separability, and the fact
that the topology is induced by a metric.

We shall see shortly that every ordered group is a topological group
(8.4), and this will prove 8.2 once more in view of Section 7. While this
proof is less trivial than the one just given, its first step, which follows
next, will facilitate the construction of topological groups in general.
The objective is to clarify what is needed for a semi-topological group
to be a topological group.

8.3 Proposition Let (G,+) be a group with a topology such that
(i) the left and right addition maps A. : ¢ +— c+x and p. : ¢ — x + ¢
of G are homeomorphisms,
(ii) addition (z,y) — x + y is continuous at (0,0), and
(i) inversion « — —x is continuous at 0.
Then G is a topological group.

Proof Writing the inversion map ¢ as i = A_ ip_., we see that it is
continuous at ¢. Similarly, the decomposition (z,y) — (—c+z,y—d) —
—c+x+y—d+— x+y of the addition shows that it is continuous at
(c,d). O

8.4 Proposition Every ordered group (G, +, <) is a topological group
with respect to the topology induced by the ordering.

Proof We verify the conditions of 8.3. According to the remark follow-
ing 7.1, the maps A, and p. are order-preserving bijections and, hence,
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homeomorphisms with respect to the topology induced by the ordering.
Likewise, inversion is an order-reversing bijection and, again, a homeo-
morphism.

Given a neighbourhood ]a,b[ of 0, we define ¢ = min{—a,b}; then
I :=]—c,c[ Cla,b. We are looking for an interval J = ]—d,d[ such
that J + J C I, thus proving continuity of addition at (0,0). If ¢ is a
smallest positive element, then .J := I will do. If not, choose d such that
0 < 2d < ¢, applying 7.6. Again, J + J C I holds and G is a topological
group by 8.3. O

Subgroups and quotients

As pointed out in Section 62, the adequate notion of substructure for
topological groups is that of a closed subgroup. This includes all open
subgroups (62.7), and the assumption of closedness implies that coset
spaces inherit a natural Hausdorff topology from the group (62.8).

The topological group of real numbers has very few closed subgroups
in spite of the abundance of subgroups in general (1.15). We record
this fact in the following proposition, which is merely a restatement of
Theorem 1.4.

8.5 Proposition The closed subgroups of the topological group Rt
are precisely {0}, the cyclic groups rZ 2 7,0 # r € R, and R itself. O

In particular, the topological group R does not have any non-trivial
compact subgroups, nor any ‘small’ subgroups (that are contained in
a preassigned neighbourhood of the neutral element). These properties
play an important role in the theory of locally compact groups. We shall
show in 8.19 that the property 8.5 characterizes R among all locally
compact, connected groups.

We complement the last result by its generalization to the vector
groups R™, which are topological groups as well (same proof as 8.2).

8.6 Theorem Let H be a closed subgroup of a vector group R™.
Then there is a basis vy, ...,v, of R™ such that H consists of all linear
combinations Z?:l rv; satisfying r; € Z for i > i1 and r; = 0 fori > is,
where i1 < iy < n. In particular, H is isomorphic to the direct sum
R @ ZP2 %,

Proof By 8.5, the intersection of H with a one-dimensional subspace
Rv of R™ is either all of Rv or infinite cyclic or trivial. Let U < R"
be the largest vector space contained in H and choose a vector space V'



84 Real numbers

complementary to U. Now H is the direct sum of U and H NV, hence
the problem is reduced to the case that H contains no vector space # 0.
In this case, H is discrete, or else we find non-zero elements hy € H
tending to 0, and we could assume that the vectors wy = hy| hgl !
converge to some vector w with ||w|| = 1. Asin 8.5, an argument similar
to the proof of 1.4 would then show that the set { z||h|| | k € N,z € Z}
is dense in R, and this implies that Rw C H, a contradiction.

Take an element u € H ~ {0} such that ||u|| is minimal, and consider
the image G = H/(u) of H in R"/Ru. This is again a discrete group.
Otherwise, there are elements g € H ~\ Ru and real numbers rj such
that g —ryu — 0. Adding suitable integers to r, we could arrange that
the set {ry | K € N} is bounded, contradicting the discreteness of H.
Using induction over n, we may assume that G consists of all integral

combinations of some independent vectors s, ...,0s € R"/Ru. If we
choose an inverse image v; € H for each v;, we get a set v1 = u,va, ..., v
having the properties asserted in the theorem. O

Next we turn to quotients of the topological group R™. Only quotients
modulo closed subgroups inherit a reasonable structure, and 8.5 says
that there is only one possibility up to isomorphism.

8.7 The circle group as a topological quotient group of Rt The
circle S; has been introduced in Section 5 as the set of all vectors of
length 1 in R?. Identifying R? with the field C of complex numbers, we
see that S; is a closed subgroup of the multiplicative group C*. The
formulae (x + iy)(u + iv) = au — yv + i(xv + yu) and (z + iy)~! =
(22 + y?)~Y(z — iy) show that multiplication and inversion in C* are
continuous, and C* is a topological group containing S; as a closed
subgroup.
Now remember the surjective map

p:R—S;:t— 2™

introduced in 5.16. It is a group homomorphism by the exponential
z+w

law e = e*e", and the topology of S is the quotient topology with
respect to this map; see 5.16. It follows that S; is isomorphic to the
topological quotient group of R modulo kerp = 7Z, as introduced in
62.11.

As an abstract group, the quotient R/Z appeared first in 1.20 and was
denoted T. The symbol abbreviates the name torus group, which is pri-
marily used for the topological group S; and for the higher dimensional

tori S; x -+ - xSy = T™ (where n is the number of factors); compare 5.64.
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Originally, the name torus refers to the topological space S; x S1, the
doughnut surface. Because of the isomorphism

S; 2T =R"/Z,

we shall not be too strict in distinguishing between the group S; < C*
and the factor group T = R/Z, but at least for the next proposition and
its proof, we shall be careful about this point.

8.8 Proposition (a) The closed subgroups of the torus group S$; = T
are precisely the groups S; and the finite cyclic groups generated by
the roots of unity €>™/" where n € N.
(b) The only connected subgroups of Sy are S; itself and the trivial
group.
(c) The open set {z € S1 | Rez > 0} does not contain any non-trivial
subgroup of Sy.

Proof (a) Let G < S; be a closed subgroup. Then p~1(G) is a closed sub-
group of R; compare 8.7. Moreover, this subgroup contains the number
1 € ker p. Now the assertion follows from 8.5.

(b) If G < Sy is a non-trivial connected subgroup, then p~!(G) con-
tains a non-trivial connected subset and, hence, contains some neigh-
bourhood of 0. It follows that p~1(G) = R.

(¢) If G < Sy is anon-trivial subgroup contained in the right half plane,
then the closure G is one of the groups listed in (a) and is contained in
the closed right half plane. Such a group does not exist. O

8.9 Theorem Let G be a non-trivial (Hausdorfl') topological group.
If there is a continuous epimorphism R — G, then G is isomorphic to
the torus T as a topological group or isomorphic to R as a group. In the
second case, the topology of G may be coarser than the topology of R;
compare 5.66.

Proof The kernel of the given epimorphism ¢ is a closed subgroup of
R because G is a Hausdorff space. By 8.5, it follows that either ¢ is
injective, which implies that G = R as a group, or after rescaling (using
©(rt) instead of ¢(t)) we may assume that ker ¢ = Z. Then ¢ induces
a group isomorphism 1 : R/Z — G such that ¢ = ¢p, where p is
the canonical epimorphism R — R/Z. Moreover, it follows from the
definition of the quotient topology that 1 is continuous. Indeed, the
preimage 1~ (U) of an open set U C G has open preimage under p
because ¢ = 1p is continuous, and this property characterizes 1~1(U)
as an open set.
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Now 1 is a continuous bijection of the compact space R/Z = S; onto
the Hausdorff space G, hence 9 is a homeomorphism, and an isomor-
phism of topological groups. a

Characterizations

The following result shows that the topology of R determines the group
structure. We shall return to this point later (8.16).

8.10 Theorem Let G be a topological group whose underlying topo-
logical space is homeomorphic to R. Then G is isomorphic to R as a
topological group. In particular, G is abelian.

Proof We show that there is an ordering on G inducing the given topo-
logy and making G an ordered group. Since G is connected by assump-
tion, the ordering is complete (3.3), and the assertion is a consequence
of 7.9.

We define the ordering on G such that the given homeomorphism
G — R becomes an isomorphism of chains. We have to show that the
left and right addition maps A, and p. of G are monotone; compare 7.1
and the subsequent remarks. Since G is a topological group, we know
that these maps are homeomorphisms. Hence, they are either monotone
or antitone; compare 5.51. Any antitone homeomorphism f of R has a
fixed point (apply the intermediate value theorem to f —id). For ¢ # 0
it follows that A. and p. are indeed monotone. O

We shall push the last result as far as possible in 8.21 and 8.22. Here
we want to prove a similar result for the torus group. This will be an
easy application of some standard results about covering maps, which
we present first. A good reference is GREENBERG 1967 §§5 and 6.

8.11 Definition (a) A surjective continuous map p : E — B of topo-
logical spaces is called a covering map if every point b € B has an open
neighbourhood U such that p~!(U) is a disjoint union of open subsets
U;, © € I, each of which is mapped homeomorphically onto U by p.
Neighbourhoods like U will be called special neighbourhoods, and the U;
are called the sheets over U.

(b) A topological space X is said to be simply connected if X is path-
wise connected and if every loop can be contracted in X. This means
that, given a continuous map f : [0,1] — X satisfying f(0) = f(1) = xo,
there is a continuous map F : [0, 1] x [0, 1] — X such that F(s,0) = f(s)
for all s and F(s,t) = xo whenever s € {0,1} or ¢t = 1.
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The standard example of a simply connected space is R", where the
map F' is most easily defined by F(s,t) = txg + (1 —t)f(s). The most
prominent example of a covering map is the quotient map p : R — S; of
8.7. Every proper open subset U C §; is a special neighbourhood; this
follows from the existence of the complex logarithm function.

Instead of going into the details of the theory of covering spaces, we
shall just quote the one result that we need. For a proof, see GREENBERG
1967 loc. cit.

8.12 Theorem Let p: E — B be a covering map, and h : X — B
a continuous map with X simply connected. If t € X and e € E are
points such that h(x) = p(e), then there is a unique continuous map
h:X > E sending = to e and satisfying h = pﬁ.

e
P
X "~ pB
The map h is called a lift of h over p. We apply this result to topo-

logical groups:

8.13 Theorem (a) Let (G, +) be a topological group with neutral ele-
ment 0 and p : E — G a covering map with E simply connected.
Given e € E such that p(e) = 0, there is a unique group structure
on F with neutral element e such that E is a topological group and
p is a group homomorphism.

(b) If H is a simply connected topological group, then every continuous
group homomorphism v : H — G lifts to a unique continuous group
homomorphism 1;: H — E, that is, ¥ = plz.

(c) Every continuous group endomorphism ¢ : G — G lifts to a unique
continuous group endomorphism ¢ : E — E, that is, pp = ©p.

E—2+F
G ——q

Proof (a) Let h: E x E — E be given by h(a,b) = p(a) + p(b). It is
easy to verify that E' x E is simply connected, hence there is a unique
lift h : E x E — F sending (e,e) to e. This map is going to be the
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addition in E, that is, a + b = E(a, b). Similarly, inversion in E is
defined as a lift of inversion in G. The group axioms are all verified by
the same method, exploiting the uniqueness part of 8.12. For example,
consider the associative law. It says that the two maps Ex Ex E — E
defined by fi(a,b,¢) = (a + b) + ¢ and by fa(a,b,c) = a+ (b + ¢)
agree. Now the corresponding maps in G do agree, and f; is a lift of
(a,b,c) — (p(a) + p(b)) + p(c), similarly for fo. Thus we have two lifts
of the same map, which agree at the point (e, e, e), so they are equal.

(b) The existence of ¢ is immediate from 8.12 (for z and e, take the
neutral elements). The homomorphism property is again translated into
equality of two lifts, namely of (a, b) — J(a) + J(b), which lifts the map
(a,b) — tp(a) +1(b), and (a,b) — ¥ (a+b), which lifts (a,b) — th(a+b).
Again, the two lifts are equal because they agree at (e, e).

(¢) This follows if we apply (b) to ¢ = pp. O

Now we return to the torus group.

8.14 Theorem Every topological group homeomorphic to Sy is iso-
morphic as a topological group to T.

Proof Using the covering map p : R — S; and 8.13, we may define a
topological group structure on R such that p becomes a continuous group
epimorphism. The result follows from 8.9; note that p is not injective,
so we are dealing with the first case of 8.9. O

8.15 Theorem The only topological groups whose underlying spaces
are connected 1-manifolds are R and T.

Proof The essential step is to show that the space of such a group G is
separable; then we can apply the classification of connected, separable
1-manifolds (5.17) and our results 8.10 and 8.14.

Let U be an open neighbourhood of 0 homeomorphic to R. Then
V:=UnN(-U) = -V is a separable open set. The union W of the sets
nV=V+--+V={vi+:-4v, | v, €V} withn € Nis an open
subgroup, hence also closed (62.7, all cosets are open), and W = G by
connectedness. Now W is separable: first, V' contains a countable dense
set A, giving rise to a countable dense set A" = Ax---x A C V"; under
addition, A™ is mapped to nA, hence nA is dense in nV, and the union
of all sets nA, n € N, is still countable by 61.13. O

The last result can be obtained as a corollary of deep results in the
theory of locally compact groups. It has been proved by Montgomery,
Zippin, and Gleason (see MONTGOMERY—ZIPPIN 1955 4.10 p. 184) that
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every locally Euclidean topological group is a Lie group, that is, it ad-
mits an analytic structure such that the group operations (addition and
inversion) are analytic maps. Lie groups can be classified using their
Lie algebras, which are linearizations of the group structures. Then 8.15
reduces to the rather easy classification of 1-dimensional Lie groups.

8.16 Independence of group structure and topology We have just
seen that the topology of R and of T determines the group structure up
to isomorphism. The converse is far from true, and we give a number
of examples of non-homeomorphic topological groups whose underlying
groups are isomorphic to T or to R.

(1) The group R is isomorphic to any vector group R™ (see 1.15), and
R™ is a topological group. Unlike R, the topological space R", n > 1,
remains connected after deletion of a point, hence the two spaces are
not homeomorphic.

(2) R with the torus topology 5.65 is a (non-closed) subgroup of the
topological group T? (compare 5.66), and hence is again a topological
group. Proposition 5.67 amply demonstrates that this topology is not
homeomorphic to the usual one.

(3) Let A be a subspace of the rational vector space R such that A has
the same (transfinite) dimension as R itself. Then the additive group A"
is isomorphic to R™; compare 1.15. For example, A could be a hyper-
plane. In any case, A is a (non-closed) subgroup of the topological group
R, hence A is a topological group. The topology of A is totally discon-
nected and not locally compact, because both A and its complement are
dense in R.

(4) By 1.17, the group RT is a direct sum of R copies of Q*. The
direct sum is a subgroup of the direct product, which is a topological
group with respect to the product topology, and the direct sum is a
topological group with respect to the induced topology.

(5) The solenoid @} introduced in 8.29 is compact, connected, and
isomorphic to R as a group; see 8.32 and 8.33.

(6) It was shown in 1.25 that T 2 R"™ ¢ T as groups. Of course, both
are topological groups, but one of the spaces (T) is compact, and the
other is not.

(7) A systematic investigation of group topologies on R is presented
in CH’UAN-LIU 1981, leading to the result that there are exactly 22"
non-isomorphic topological groups (X = card R) that are algebraically
isomorphic to R. Among these, countably many are compact, and sim-
ilar results are given for topologies with other special properties.
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By contrast, the topology on the additive group of integers is uniquely
determined under mild additional conditions, as we show now.

8.17 Theorem The discrete topology is the only locally compact Haus-
dorff topology making the additive group 7 of integers (or, in fact, any
countable group) into a topological group.

Proof Our group is a union of countably many singletons {«}, which are
closed by assumption. At least one of the singletons must contain a non-
empty open subset. This follows from the Baire category theorem, which
holds in locally compact spaces, see DUGUNDJI 1966 XI1.10.3 p. 250. We
conclude that some (and, hence, every) singleton is open. O

Theorem 5.15 characterizes the topological group R, and we shall con-
tinue by proving a number of other characterization theorems. The first
one (8.18) is due, in the form presented here, to MORRIS 1986. The proof
uses the theorem of Mal’cev—Iwasawa, and also the theorem of Peter—
Weyl, which says that each compact group has enough (63.11) contin-
uous unitary representations. A complex matrix A is called unitary, if
AAT = 1; thus a one-dimensional continuous unitary representation is
the same thing as a character.

8.18 Theorem Let G be a non-discrete, locally compact Hausdorff
topological group, and suppose that all proper closed subgroups of G
are discrete. Then the topological group G is isomorphic to the additive
group R of real numbers or to the torus group T.

Proof We denote by G' the connected component of G, that is, the
largest connected subgroup; note that G is closed, because the closure
of a connected set is connected (compare 62.13). We infer that either
G! = G, or G' is discrete and therefore trivial. In the second case,
G has a neighbourhood basis at 1 consisting of compact open proper
subgroups (see 62.13 and Exercise 3 of Section 63); these subgroups
are discrete, so G is discrete, which is a contradiction. Hence G is
connected. The theorem of Mal’cev—Iwasawa (62.14) then shows in view
of our hypothesis that G is either compact or isomorphic to R. It remains
to consider the case where G is connected and compact.

We claim that G contains an element g of infinite order. The Peter—
Weyl theorem yields a non-trivial continuous unitary representation ¢ :
G — GL,C; see HOFMANN-MORRIS 1998 2.27, 2.28 p. 44, STROPPEL
2006 14.33 (compare also HEWITT-ROsS 1963 22.12, 22.13, PONTRYA-
GIN 1986 §32, §33, ADAMS 1969 3.39). The corresponding trace map
G — C: g try(g) is continuous and not constant, since tro(g) = n
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implies ¢(g) = id (note that ¢(g) can be diagonalized and has eigen-
values of absolute value 1). If all elements ¢ € G have finite order,
then the eigenvalues of p(g) are roots of unity. Hence the connected set
{trp(g) | g € G} # {n} consists of finite sums of roots of unity and is
therefore countable, which is a contradiction.

An element g € G of infinite order generates a dense subgroup of G;
otherwise the closure of {g) would be a proper compact subgroup, hence
discrete by assumption, and thus finite, which is absurd. We conclude
that G is abelian.

Thus by Theorem 63.13, there exists a non-trivial character y : G — T
(in fact, the representation ¢ can be chosen to be irreducible; then ¢
is one-dimensional, hence x = ¢ is such a character). The connected
image x(G) is all of T, and the kernel of x is a proper closed subgroup,
hence discrete and finite. It is straightforward to show that G is locally
homeomorphic to T, hence a compact 1-manifold. Now 5.17 and 8.14
imply that G =2 T as topological groups. O

As a consequence, we show that the property 8.5 (all non-trivial proper
closed subgroups are infinite cyclic) is in fact a characterizing property
of R.

8.19 Corollary Let G be a non-discrete, locally compact Hausdorff
topological group, and suppose that all proper closed subgroups of G are
cyclic. Then the topological group G is isomorphic to the additive group
R of real numbers or to the torus group T. If all non-trivial proper closed
subgroups of G are infinite cyclic, then G = R is the only possibility.

Proof The hypothesis of 8.19 implies that of 8.18, because a closed cyclic
subgroup of G discrete by 8.17. The second statement is easily deduced
since the torus contains non-trivial finite subgroups (in fact, we obtain
a proof for the second statement in 8.19 simply by omitting the second
paragraph of the proof for 8.18). O

The next result is due to MONTGOMERY 1948. We need the notion of
topological dimension. By definition, a topological space X has (cover-
ing) dimension dim X < n if every finite open cover of X has a refine-
ment containing at most n+ 1 sets with non-empty intersection. A good
reference on dimension is NAGAMI 1970; compare also SALZMANN et al.
1995 Section 92 and Theorems 93.5 to 93.7.

8.20 Theorem Let G be a locally compact, connected topological
group. If G is one-dimensional and not compact, then G is isomorphic
to the topological group R.
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Proof The theorem of Mal’cev—Iwasawa (62.14) shows that G is homeo-
morphic to C x R¥, where C' < G is a (maximal) compact subgroup.
This implies that & = dimR* < dim G, hence k = 1 since G is not com-
pact. It follows that dim G = dim C'+ 1; this is not as trivial as it seems,
see NAGAMI 1970 42-3 for a proof; compare also SALZMANN et al. 1995
92.11. Now dim C' = 0 implies that C is totally disconnected. On the
other hand, connectedness of G ~ C' x R implies that C' is connected.
Finally, we conclude that C' = {0}, and then 8.10 or the theorem of
Mal’cev—Iwasawa shows that G = R as a topological group. O

The next result should be compared with 8.10. Instead of G ~ R we
make only weak assumptions concerning connectivity. Yet we obtain a
rather strong assertion.

8.21 Theorem Let G be a Hausdorff topological group. If G is con-
nected but G~ {0} is not, then there is a continuous group isomorphism
¢ : G — R. Thus, G can be obtained from the topological group R by
refining the topology.

Proof (1) We claim that H = G ~\ {0} has precisely two connected
components (later we shall use this fact to define an ordering on G). Let
H = UUV be a separation as defined in 5.7, that is, the sets U and V are
non-empty, open and disjoint. If both U and V are connected, then there
is nothing to prove. If not, then one of the two sets admits a separation,
and H = UUVUW with non-empty, disjoint open sets U, V, W. Applying
5.8c to U and V U W, we obtain that U = U U {0} is connected. Select
connected components Cy, Cy,Cy of U, V, W, respectively. Then the
product Cy x U is connected, and continuity of addition and inversion
implies that Cy 4 (—U) is connected, too. This set is contained in H and
contains the connected component Cy, hence Cy + (—Cy) C Cy. By
symmetry, we also have Cy + (—Cy) C Cp and, after taking inverses on
both sides, Cy+(—Cy) € —Cy. These results show that the intersection
Cy N(—Cy) is not empty. Both these sets are connected components of
H, hence they are equal. The same holds with W in place of V', which
is a contradiction.

(2) Repeating the argument (1) with two sets instead of three, we see
that the connected components of H are interchanged by inversion, so
we denote them by C and —C. We definex <y =y—2 € C = CU{0},
and we claim that this turns G into an ordered group. First we have to
show that the relation < transitive, i.e., that z < y and y < z together
imply < z. The connected set C+C C H contains C, hence C = C+C
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and C = C + C, and transitivity follows. From C N —C = {0} we infer
that z < y and y < x together imply z = y, and < is an ordering
relation.

Suppose that a < b and  # 0. Then b+ = — (a + ) = b — a shows
that a + * < b+ z. In order to prove that z + a < x + b, i.e., that
r+ (b—a) —z € C, we need to know that z + C — 2 € C. Now
r 4+ C — x is a connected subset of H, and contains an element of C
(namely, x or —x, whichever belongs to C'). Therefore, v + C —xz C C
and x + C — x C C. Thus, we have defined an ordered group.

(3) We compare topologies: the sets C', C'+a and —C' + b are open in
the given topology of G, hence the intersection Ja, b = (C'+a)N(—C+b)
is open, too. Therefore, the identity mapping from G with the given
topology to G with the order topology is continuous, and the order
topology is connected. By 3.3, it follows that the ordering is complete,
and 7.9 shows that the ordered group G is isomorphic to Z or to R;
however, the first possibility is excluded by connectedness. O

Groups G as described in 8.21 do exist; we give an example in 8.23.
One additional hypothesis, however, suffices to exclude these possibili-
ties, as we prove next.

8.22 Theorem If G satisfies the hypothesis of 8.21 and is locally
compact, then G is isomorphic to the topological group R.

Proof Any compact subgroup C' < G is mapped by ¢ to a compact
subgroup of R. Using injectivity of ¢ together with 8.5, we infer that
C = {0}. Now the theorem of Mal’cev-Iwasawa (62.14) implies that
G is homeomorphic to R* for some k. For k > 1, Euclidean space R*
is not separated by any point, hence k = 1 by our hypothesis. In this
case, the theorem of Mal’'cev—Iwasawa (or 8.10) asserts that G = R as a
topological group. O

A counter-example

We show that Theorem 8.21 cannot be improved in the sense that G
is isomorphic to R as a topological group. The example given in the
proof of 8.23 below is due to LIVENSON 1937. See also 14.9 for an even
stronger result.

8.23 Theorem There is a non-closed subgroup G C R? such that G,
but not G~ {0}, is connected in the topology induced by R?, and such
that G as a topological group is not isomorphic to R.
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Proof We obtain G as the graph of a certain discontinuous group ho-
momorphism ¢ : R — R, ie.,, G = {(z,9¥(z)) | x € R}. The homo-
morphism is chosen in such a way that G meets the boundary of almost
every open set of R2.

There is a countable basis for the topology of R2, hence there exist
(at most) X = 2%¢ open subsets of R?. A Hamel basis B of R as a vector
space over Q also has cardinality X (see Theorem 1.12), hence there is
a surjective map f : B — U onto the following collection U of open sets
in R2.

For an open set U C R?, define U” = p(U) N p(R? \ U), where p :
R? — R is the projection onto the first factor, p(z,y) = z. The set U
belongs to U if U” # (. In other words, the condition for U is that some
line = const (a parallel to the y-axis) meets both U and R? \ U and,
hence, meets the boundary OU. In fact, this happens for all z in the
open set U°.

Now assume that b € B and U = f(b) € Y. Then bQ contains a non-
zero element of U”, and we may choose 1(b) € R such that Q(b, (b))
intersects OU. In this way, we obtain a homomorphism % : R — R
whose graph G meets the boundary of every U € U. An immediate
consequence is that G is dense in R2.

The y-axis (z = 0) separates R? and meets G only in the point 0 =
(0,0), hence G ~ {0} is disconnected.

In order to show that G is connected, we consider the intersection
C = G N H with the half plane H = {(z,y) | * > 0}. We shall show
that C' is connected; then also C U {0} C C and G = C U {0} U —C are
connected.

Suppose that C' is disconnected. Then there exist open subsets U, V'
of H such that C CUUV and UNV NC = 0. The latter condition
implies that U NV = (), because C is dense and U NV is open. Then
moreover U N'V = ) because U is contained in the closed set H \ V.
Now consider the case U € U. Then OU contains an element of C'; this
element is not contained in U, hence it belongs to V N U, which is a
contradiction. On the other hand, if U ¢ U, then p(U)Np(V) C U” = (.
Moreover, p(U) and p(V') are open sets, but their union p(U) Up(V) =
p(C) = {(2,0) |z > 0} is connected, which is a contradiction.

It remains to be shown that G is not isomorphic to R as a topological
group, and this is very easy. In the rational vector space R, every one-
dimensional subspace is dense with respect to the usual topology. Since
G is dense in R?, this is far from true in G. O
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Automorphisms and endomorphisms

To formulate the appropriate notion of automorphisms of a topological
group G, we require that automorphisms are at the same time homeo-
morphisms of the underlying topological space and group homomor-
phisms. Automorphisms in this sense form a group denoted Aut,. G.

8.24 Proposition The automorphisms of the topological group R are
precisely the multiplication maps ¢, : © +— ax, where 0 % a € R. In
particular, the automorphism group Aut. R is isomorphic to R*.

Proof Everything is similar to 7.11, only @ = ¢(1) may be any non-zero
number, and ¢ may be antitone; compare 5.51. O

8.25 Definition The endomorphisms of an abelian group G form a
ring End G called the endomorphism ring of G. Multiplication of this
ring is the composition of maps and addition is defined by (¢ +¥)(z) =
o (@) + V(a).

Note that commutativity of G is indispensable; the homomorphism
property of id + id requires that x + x +y+y = x4+ y + = + y holds as
an identity in G.

If G is a topological group, then the continuous endomorphisms form
a subring, denoted End. G, of End G.

8.26 Theorem The continuous endomorphisms of the topological
group R are precisely the maps ¢, for arbitrary a € R. In particu-
lar, the ring End. R of continuous endomorphisms is isomorphic to the
field R.

Proof Each endomorphism ¢ of R is Q-linear, by the unique divisibility
of RT (1.8, 1.9). Let a := ¢(1). Then p(z) = ¢(1-2) =a-x for z € Q.
As Q is dense in R, the continuity of ¢ implies that this equation holds
for all x € R. Thus ¢ = @,. O

For a stronger statement, see Exercise 4.

8.27 Theorem The ring End. T of continuous endomorphisms of T is
isomorphic to the ring Z of integers, and Aut. T & Cy is cyclic of order 2.

Proof By 8.13c, every continuous endomorphism ¢ of T lifts to a con-
tinuous endomorphism @ of R, that is, pp = pp. From this equation it
follows that @ maps kerp = Z into itself. From 8.26, we know that ¢
has the form ¢, for some a € R, and @ = ¢,(1) must be an integer.
Conversely, if a € Z then ¢, can be ‘pushed down’ to an endo-
morphism of T, sending x € T to x® This gives the isomorphism
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End. T = Z, and the automorphisms are the invertible elements in this
ring, that is, the maps ¢, for a € {1, —1}. |

In the remainder of this section, we consider topological groups whose
endomorphism rings are skew fields.

Groups having an endomorphism field

Let G be a locally compact, connected abelian topological group all
of whose non-trivial continuous endomorphisms are invertible, so that
End. G is a skew field. We shall show that there are exactly two such
groups GG. To warm up, we treat the analogous question for groups
without topology (or with discrete topology); the result 8.28 is due to
SZELE 1949; see also FucHs 1973 111.1. In fact, this is more than
an exercise: the connected case will be reduced to the discrete case
using character theory. Thus the reader should absorb the definition of
character groups from Section 63, and then refer to that section as need
arises.

8.28 Theorem Let G be an (abstract) abelian group. The ring End G
is a skew field if, and only if, G = C,, is cyclic of prime order or G = Q7 is
the additive group of rationals. We have field isomorphisms End C}, =2 F,,
if p is a prime, and End Q" =2 Q.

Proof (1) Suppose that End G is a skew field, and let F' be its (commu-
tative) prime field, i.e., the smallest subfield of End G. Then F' = [, is
of prime order, or F' = Q. The group G is a vector space over End G
and, hence, over F'; the product of a scalar ¢ € EndG and a vector
g € G is defined by applying ¢ to the group element: pg = ¢(g). Every
vector space of dimension more than 1 has plenty of non-invertible en-
domorphisms, which are also endomorphisms of the underlying abelian
group. (Here we used the existence of bases and, hence, the Axiom of
Choice.) Thus G is isomorphic to the additive group of F.

(2) Conversely, let ¢ be an endomorphism of C,. The order of a
subgroup divides the order of the group, hence the only subgroups of
C, are {0} and C, itself. Either kerp = {0} and ¢ is bijective, or
ker ¢ = C}, and ¢ = 0.

Now let ¢ be an endomorphism of Q. If n € N and ¢(ng) = 0, then
np(q) = 0 and ¢(q) = 0. Thus, ker ¢ is divisible. The only divisible
subgroups of QT are {0} and Q7 itself, hence ¢ = 0 or ¢ is injective. In
the latter case, ¢(Q) is a non-trivial divisible subgroup of Q*, and ¢ is
bijective. O



8 The real numbers as a topological group 97

8.29 Theorem There are only two connected, locally compact, Haus-
dorff abelian groups G such that the ring End. G of continuous endomor-
phisms is a skew field, namely the topological group R and the character
group Q};, where Qq denotes the additive group of rationals with discrete
topology. We have field isomorphisms End. R = R and End.(Q}) = Q.

The group Q}; belongs to the class of so-called solenoids. It will be
featured in 8.32 below.

Proof Suppose that G is a group satisfying the assumptions of the theo-
rem and that End, G is a skew field. In our abelian case, the theorem of
Mal’cev-Iwasawa asserts that G =2 C' @ R"™, where C' is a compact con-
nected (abelian) group; see 63.14. There are only two cases where the
existence of non-invertible endomorphisms ¢ # 0 is not obvious, namely,
C={0}and n=1,1ie, G =R, and n =0, i.e., G is compact. In the
first case, we know that End. G = R is a field (8.26).

In the remaining case, G compact, we shall apply character theory.
It suffices to determine the character group G*, because the Pontryagin
duality theorem asserts that G =2 G**; see 63.27. By 8.30 below, End. G
is anti-isomorphic to End.(G*) as a ring, and G* is a discrete group
according to 63.5. Thus, all endomorphisms of G* are continuous and
we may apply 8.28; we find that G* = C, (a cyclic group of prime
order) or G* = Qq. The first possibility entails that G = Cj, is a finite
Hausdorff space, hence disconnected.

The second possibility leads to G = Q};, which is a connected group
because Qg has no compact (i.e., finite) subgroups other than {0}; com-
pare 63.30. Moreover, Q} is compact according to 63.5, and End.(Q}) =
End.(Qq) = End Q1 = Q by 8.28; note that an anti-isomorphism is an
isomorphism in this case. O

8.30 Theorem Let G be a locally compact abelian group and G* its
character group. Then the ring End. G is anti-isomorphic to the ring
End.(G*).

In fact, let v* denote the adjoint of v € End. G as defined in 63.3.
Then y — ~* is bijective and satisfies (vd)* = 6*v* and (y40)* = v*+5*.

Proof The identities follow directly from the definition of the adjoint.
Our notation differs from 63.3, where v acts from the right and v* acts
from the left. Here, all maps act from the left, which enforces the reversal
of factors in the first identity.

We have to show that v — ~* is bijective. We use the duality theorem
63.27 and identify A** with A via the duality isomorphism. This means
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that we define v* for v € End. G by (v(¢9),x) = (9,7*(x)) and o* for
o € End.(G*) by (g,0(x)) = {(6*(g), x); here, g € G and x € G*. Now
we have (y(a),x) = (a,7"(x)) = (v**(a), x) for every x € G* (and for
fixed a). Since G has enough characters (compare 63.12), it follows that
~v = ~4**, which proves bijectivity. O

To end this section, we compute the character groups of R and of some
related groups (see also Exercise 5 of Section 52), and finally we give a
description of Q7.

8.31 Proposition (a) The topological group R is self-dual, R* = R.
(b) The character group T* is isomorphic to Z, the discrete group of
integers. An isomorphism Z — T* is given by n — Xy, where
Xn : T — T sends z € T to its power z".
(¢) The character group Z* is isomorphic to the torus group T. An
isomorphism T — Z* is given by z — x,, where X, : Z — T sends
the integer n to z".

Proof (1) We begin with the simpler parts. As a group, T* is simply
the additive group of the ring End,. T, which is isomorphic to the ring of
integers (8.27). The topology of T* is discrete by 63.5. Of course, this
can be seen directly: the endomorphisms of T are of the form z +— 2",
n € Z, and if a sequence of such maps converges (pointwise convergence
suffices), then it is finally constant. This proves assertion (b), and (c)
follows by the duality theorem 63.27. Again, this can be verified directly,
a character x of Z is determined by the image x(1) € T, and this defines
the isomorphism Z* — T.

(2) Theorem 18.3b shows that for every character x : R — T there
is a unique continuous endomorphism x : R — R such that x = py,
where p : R — T is the quotient map, p(t) = e2™; note that we are
treating T as a multiplicative group once more. According to 8.26, we
have X(t) = rt for some real number 7, and x(t) = €*™" =: y,.(t).
Clearly, x,+s = XrXs, and only the topology of R* =2 RT remains to be
determined.

It suffices to check the continuity of the group homomorphism r — x,
and of its inverse at the neutral elements 0 € R and 1 € T, respectively.
So let C' C R be compact and let U C T be a neighbourhood of 1. We
want to determine € > 0 such that |r| < € implies that e*™"¢ € U for all
c € C. This is possible because (r,t) — 2"t
let € > 0 be given. We have to specify a compact set C C R and a
neighbourhood U of 1 in T such that x,.(C) C U implies |r| < e. We

is continuous. Conversely,
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let C =1[0,1] C R and choose a sufficiently small U and a local inverse
Log : U — R of p such that Log(1) = 0 (a modification of the complex
logarithm). If x,.(C) C U, then X, = Log x, holds on C. Continuity
of Log implies that rC' = X,(C') C ]—¢,¢[ if U is small enough. This
implies that |r| < e. m

8.32 The solenoid Q) We shall describe the character group of the
rationals in various respects. For proofs and for further information,
we refer to HEWITT-ROSS 1963 10.12-10.13 and 25.4-25.5. Being the
character group of a discrete group, the solenoid Q} is compact (63.5).
Since Q does not have any non-trivial compact subgroups, the solenoid
is connected (63.30).

An explicit description can be derived from the following description of
Q: the set of rationals can be obtained as the union of the sets (n!)~1Z,
n € N. More abstractly, this can be expressed by saying that Q is the
inductive limit of the sequence

AR AN Sy AL S

where the homomorphism marked n is given by z — nz. Via Pontryagin
duality, the inductive limit is transformed into the projective limit of the
dual sequence; see HOFMANN—MORRIS 1998 7.11(iv). The dual sequence
is given by

T T2 Tt Tl e,

where the arrow marked n maps ¢t € T to t" if we think of T as a
multiplicative group. The projective limit can be described explicitly:
in the product group TV, the projective limit is the subgroup

QZ = {(tn)neN | t, €T, t:lz = tn—l} - T .

There are other solenoids whose construction differs from the one above
by the sequence of numbers assigned to the arrows. Some of the other
solenoids have elements of finite order (see Exercise 6 of Section 52), but
Q}; does not, because Q is divisible; compare 63.31.

All solenoids have in common that they are important examples of
compact non-Lie groups. They contain compact, totally disconnected
subgroups with quotient groups isomorphic to T. Locally, a solenoid
is homeomorphic to the product of an arc with the Cantor set; see
HEWITT-R0SS 1963 10.15 or HOFMANN—MORRIS 1998 8.23 (equivalence
of (3) and (8)).

The following fact was observed by HALMOS 1944.
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8.33 Proposition As a group, the solenoid Q} is isomorphic to R™.

Proof Since Q is uniquely divisible (in other words, divisible and torsion
free), the character group Q} has the same properties; see 63.31 and
63.32. Thus, Q7 is a rational vector space, see 1.9, and it remains to
determine the cardinality of a basis or of Q7 itself (1.14).

There are at most N characters y : Q — T, as x is determined by the
sequence of values x(1/n) € T, n € N. Since card T = card R = 2% (see
1.10), the set of these sequences has cardinality (2%0)% = 280 = card R.

Conversely, the standard character Qq — Q/Z < R/Z = T may be
followed by any automorphism of Q/Z, and it is a consequence of 1.28
together with 1.27 that there are N such automorphisms. O

Exercises

(1) It is known that for any two sets A, B C R of positive Lebesgue measure,
the sum A+ B contains a non-trivial interval; compare 10.7. Prove that there
exists even a meagre set S of Lebesgue measure zero such that S+ S =R.

(2) With respect to Sorgenfrey’s topology on R (5.73), addition is continuous,
but not the map = +— —z.

(3) Fill in the details for examples 8.16(3) and (4). In particular, show that A
is not locally compact and that the direct product of (any number of) copies
of Q7 is a topological group.

(4) Endow the ring of continuous endomorphisms End. R with the compact-
open topology (see 63.2). Show that End. R = R as a topological field.

9 Multiplication and topology of the real numbers
First we verify that the multiplicative group R* = R~ {0} is a topologi-
cal group. In fact, we show slightly more, so that the result will combine
with 8.2 to prove that R is a topological field.

9.1 Theorem Multiplication (z,y) — xy is continuous on R x R, and
inversion R* — R* is continuous. In particular, R* is a topological

group.

Proof Counsider (z+ g)(y+h) = zy+ gy + hax + gh. Given € € ]0, 1], set
m = max{|z|, |y|, 1} and § = &/(3m). If |g|, |h| < §, then |gy+hz+gh| <
mé+md+62 < e. This yields continuity of multiplication. For x # 0 and
e > 0, choose § = min{e|z|?, |z|}/2. If |z — y| < J, then |y| > |z|/2 and
|y — x| < e|zy|. Therefore, |1/ — 1/y| < €, and inversion is continuous.

The same proof works for the additive group of any (skew) field with
absolute value (as defined in 55.1). i
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9.2 Proposition The multiplicative group Ryos of positive real num-
bers is isomorphic to R™ as a topological group, and R* is isomorphic
to the direct product RT x Cy as a topological group.

Proof In 2.2 we described a group isomorphism ¢ : R* — Rt & Cy =
R* x Cy using the exponential function. Explicitly, ¢ is given by (r) =
(In|r|,7|r|~1). This map is a homeomorphism. O

Our goal in this section is to demonstrate that the topology of R*
does not determine the multiplication; in fact, there is precisely one (non-
commutative) group structure other than the usual one which makes R*
a topological group. Instead of constructing this group in an abstract
way, we prefer to show that it arises naturally as the isometry group of
the metric space of real numbers.

9.3 Definition: The affine group of the real line We consider the
mappings R — R defined by

Tap:Z—a+br, abeR, b#0.

They are bijective and form a group Aff R, the affine group of the real
line. Multiplication in this group is composition of maps, and is given
by

Ta,bTe,d = Ta+be, bd -
The map 791 is the identity, and inversion is given by T;; = T_a/b1/b
Using the parameters a, b, we may consider Aff R as a subset of R?, and
the topology induced by R? makes AffR a topological group. We might

add that the map AffR x R — R given by (7,7) — 7(r) is continuous,
so Aff R is a topological transformation group acting continuously on R.

. . (1 0
Sending the map 7,5 to the matrix ( b)’ we may represent Aff R
a

as a group of matrices, and the action on R corresponds to

b)) )

From a purely group theoretic point of view, Aff R is best described
as a semidirect product.

9.4 Semidirect products Suppose that the group (G,-) contains a
normal subgroup A and a (not necessarily normal) subgroup B such that
ANB = {1} and A-B = G. For b € B, let 1} be the automorphism of A
induced by the inner automorphism ¥ : g — bgb~! of G. Then b s 1y,
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is a homomorphism B — Aut A, and the map ab — (a,b) € A x B is an
isomorphism of G onto the semidirect product A x4 B, defined by

Axy B:=Ax B as aset, and (a,b) - (¢,d) := (a- ¥p(c),b-d) .

To verify the isomorphism, it suffices to note that (ab)(cd) = a(beb™1)bd.

Conversely, given two groups A, B and a homomorphism ¢ : B —
Aut A, the above formula defines a semidirect product group. The
semidirect product reduces to a direct product if, and only if, ¢, = id for
all b. Another equivalent condition is that also B is a normal subgroup
of G.

Comparison with 9.3 shows that Aff R is a semidirect product R x S
of the normal subgroup R = R™ of translations, given by b = 1, with
the subgroup S = R* defined by a = 0,

AR Rx SR xR* .

Note that the group operation in R appears as addition in 9.3, and that
¥p(c) = be. Hence, the multiplication in the semidirect product has
to be written as (a,b)(c,d) = (a + bc,bd). The action of S on R by
conjugation (which determines the structure of the semidirect product)
is precisely the action of AutR on R; compare 8.24.

9.5 Definition: The motion group M of the real line We single
out a subgroup of Aff R by restricting b in 9.3 to {1,—1}. We call this
group M the motion group of R, that is, M = {z +— a+z | a € R}
This is a semidirect product,

M = R* Xy Co,

where Cy is identified with the subgroup {1,—1} < S and —1 acts on
R = R™ by inversion, that is, 1»_1(r) = —r. Other examples of abelian
groups extended by inversion are the finite dihedral groups D,, = C,, xCy
(the symmetry groups of the regular n-gons, n > 3) and the orthogonal
group of the plane, OsR 2 (SO2R) x Cy. The proof is left as an exercise.

We note that every element of M is either a translation 7,; or a
reflection 7, _1. More precisely, the involution 7, _; reflects the real
line R about the point a/2. We leave it as an exercise to prove that M
consists precisely of the isometries of the standard metric on R. This is
what the name motion group expresses.

Obviously, M is homeomorphic to R*, and M is not abelian, so its
group structure differs from that of R*. It is easier to compare the two
groups if we write R* = Rpos x Cy and M = Ryos X Cy. Then the
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multiplication in the semidirect product becomes

(rie)(s, f) = (rs%ef) .

Our next result is that these two topological groups are the only ones
that can live on the topological space R ~ {0}.

9.6 Theorem Every topological group (G,-) homeomorphic to R* is
isomorphic as a topological group to RX = R x Cy or to the motion
group M =2 Rt x Cs.

Proof (1) Let R ~ R be the connected component of G containing the
neutral element 1. Then R is a normal subgroup of G (see 62.13), and
R = RT =R, as a topological group by 8.10 and 9.2. We may assume
that in fact (R,-) = (Rpos,-). The only other connected component of
G must be a coset Rs.

(2) The factor group G/R has order 2, hence s> € R. Consider the
inner automorphism ¥, : g — sgs~! induced by s. The square 92 is
the inner automorphism induced by s? € R; it induces the identity on
the abelian group R. Using 8.24, we infer that there are precisely two
possibilities for the automorphism of R induced by 9J,: it is either the
identity or inversion.

(3) If Y5 induces inversion, then the equation s? = ¥,(s?) = s
shows that s = 1 and (s) = Cy. Now 9.4 shows that we obtain an
isomorphism G' — Rpes X Co of topological groups by sending r € R to
(r,1) and rs € Rs to (r,—1).

(4) Suppose that ¥ induces the identity on R. Choose an element
r € R such that 2 = s2. We set s’ = sr—1; then (s')? = sr7lsr=! =
9s(r~Hs?r~! =1, and ¥y = 99,1 induces the identity on R. Then
the same map as in step 3 is an isomorphism with respect to the direct
product multiplication on Rpes X Cs. O

—2

Exercises

(1) Show that all automorphisms of the topological group R* have the form
z — 2% where a € R*, and deduce that Aut.R* = R*. (How should z be
defined for x < 0 ?)

(2) Prove that the motion group M introduced in 9.5 consists precisely of the
isometries, i.e., of the maps preserving the standard metric d(z,y) = |z — y|
on R.

(3) Verify the semidirect product decompositions of dihedral groups and of
the orthogonal group stated in 9.5.
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10 The real numbers as a measure space

A measure p on a (metric) space M associates with some subsets of M
non-negative real numbers, measuring their ‘sizes’, in such a way that
1 is additive on finite or countable families of pairwise disjoint sets.
If M carries a group structure, u is usually required to be translation
invariant. Generally, it is not possible to extend p consistently to the
class of all subsets of M; see 10.9-11. The members of the largest
domain 9 C 2M to which 1 can be extended are called measurable.
In the real case, the pair (90, 1) is unique up to a scalar factor. The
very complicated nature of 9 is illustrated by results 10.15ff. For an
introduction to measure theory see HALMOS 1950 or COHN 1993.

10.1 Definition A o-field (or o-algebra) on a space M is a subset
S C 2M such that:

(a))eSand (SeG =M\ Seb)

(b)If S, € & for v € N, then |J, Sy € & (and [,y S» € & by (a)).
The o-field (D), generated by a set ® C 2M is the intersection of all
o-fields in 2™ containing ©. (Note that 2M itself is a o-field.)

In a metric space M, the open sets and the closed sets generate the
same o-field 9B; it is called the Borel field of M, and each element of B
is called a Borel set.

In this section, M will usually be the space R with its ordinary metric.
Since each open set in R is a union of countably many intervals, the Borel
field of R is generated by the open or the closed intervals or the compact
sets as well.

10.2 Definition A measure space (M, S, 1) consists of a metric space
M, a o-field & containing the Borel field of M, and a o-additive function
w6 — [0,00] satisfying p(0) = 0 and u(S) < oo for each bounded set
S € &. Precisely, i is called o-additive if

M(UVEN SV) =2 en 1(Sy) (*)

for any union of pairwise disjoint sets S, € &, v € N.
The measure p is said to be reqular if

w(S) =inf{u(0) | S C OO isopen}

for each S € &, and p is complete if T C S € & and p(S) = 0 imply
T e 6.

If (R, &, ) is a measure space, then p is called (translation) invariant,
if u(S+1t)=p(S)forall Se€& andteckR.
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10.3 Lebesgue measure There is a unique regular, complete, and
translation invariant measure A on R such that A([0,1]) = 1. This
measure is known as Lebesgue measure, and the sets in the corresponding
o-field 91 are the measurable sets.

We sketch a proof for this assertion and characterize the sets in 9.
Since A is assumed to be additive, regular, and invariant, A\([a,b]) =
b — a for each interval of rational length and then for all intervals (by
regularity). Each open subset O of R is the disjoint union of its connected
components, and these are (at most countably many) open intervals;
compare 5.6. Thus, A\(O) is necessarily the sum of the lengths of the
connected components of O. Since each compact set C' is a difference of
a closed interval and an open set, also A(C) is well-defined. By

A(X) = inf { A(O) ’XQO/\O is open in R }

we can define an outer measure X : 28 — [0,00], and ) is obviously
translation invariant. Moreover, X is easily seen to be o-subadditive:
AMUpen Xv) < Y,enA(Xy). The inner measure A is defined dually,
approximating X from within by closed or compact sets. It satisfies
AU, X)) = X3, A(X,) for any countable family of pairwise disjoint
sets X,. By the very definition, A(X) < A(X) for all X C M.

The only way to enforce regularity consists in choosing the right o-
algebra. We put

XeM = 0=if {N(O~NX)|XCOArOisopeninR}

and A\(X) = A(X) for X € 9. By construction, A is translation invari-
ant.

10.4 Theorem (R,9M, \) is a regular complete measure space.

A proof consists of several steps, most of which are easy consequences
of the definitions:
(a) If X, € M for v € N, then X = |J, X, € M. In fact, for each
€ > 0 there are open sets O, and U, such that X, C O, C X, UU,
and A\(U,) < e27. Put U =J,U,. Then X C YO, C X UU, and
A(U) < 2e is arbitrarily small.
(b) If X € M and O is open in R, then X N O € M.
(c) If X € M and A(X) < oo, then infc A(X \ C) = 0, where C' varies
over all compact subsets of X. In particular, X € 91 implies R~ X € 9
for each bounded set X. Together with (a) and (b) this shows that 9t
is a o-field.
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(c') Step (c) can be rephrased as follows: if A\(X) < oo, then X € M if,
and only if, A\(X) = A\(X).

(d) If X = {J, X, is a countable union of pairwise disjoint measurable
sets X, then A(X) < oo if, and only if, Y A(X,) < oco. In this case
AMX) <3, AMX) < A(X), and () shows that X € 9 and A(X) =
>, A(Xy). Thus, A is o-additive on 9.

(e) By definition, A is regular. If A(X) = 0 and Y C X, then Y € M.
Therefore, A is also complete. O

10.5 Uniqueness If (R, &, i) is a measure space, and if u satisfies the
conditions imposed upon A in 10.3, then G = 9t and A = u.

Indeed, A and p agree on intervals and hence on the Borel field 8.
Since p is regular, 1(S) = A(S) for each S € &. Moreover, S is contained
in a Borel set B € B (in fact, an intersection of countably many open
sets) such that p(S) = u(B) and A(B \ S) = 0. This implies S € M.
We will show that & = 9. Any set N with A\(N) = 0 is contained in a
Borel set of measure 0. Because p is complete, it follows that NV € G.
An arbitrary set X € 9 can be written as X = BUN with B € 98 and
A(N) =0. Hence X € 6. O

10.6 Examples (a) The countable field Ry, of real algebraic numbers
has measure A(Raiz) = 0. Argument (a) of the proof of 10.4 shows that
Raig has open neighbourhoods O of arbitrarily small measure A(O), and
the complement R ~ O consists entirely of transcendental numbers.

(b) The Cantor set C = {Y_7°,¢,37" | ¢, € {0,2}} has the measure
A(C) = 0. In fact, C is obtained from the interval [0,1] by repeatedly
removing ‘middle thirds’; see 5.35. Thus, A\(C) < (2/3)™ for any n € N.
Since cardC = X = 2% _ it follows from completeness that card 9t = 2.
Note that C + C = [0, 2] has positive measure (NYMANN 1993).

(¢) A modified construction leads to a set which is homeomorphic
to C but has positive measure: one starts again with [0,1], instead of
middle thirds, however, in the v-th step one removes an open interval
of length »=2\(J) from the middle of each remaining closed interval .J.
This yields a compact set Co of measure [[0—,(1—v72) = 1/2, the value
of the infinite product being obtained as follows:

[, =1/ =mn-1)! (n+1)!/2(n)2 = (n+1)/2n .
10.7 Differences If\(S) >0, then S—S = {s—t|s,t € S} contains
some open neighbourhood of 0.
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Proof Since S contains a compact subset of positive measure, we may
assume that S itself is compact. There is an open neighbourhood O of
S such that A(S) > 2 - A(O). The set O is a union of disjoint intervals.
Therefore, O contains an interval J with A(S N J) > 2. X(J). Put
T =5nJ and A(J) = 5¢, and assume that |z| < ¢ and 2 ¢ T —T. Then
x+T and T are both contained in an e-neighbourhood of J, hence in an
interval K of length 7¢, and (z+T)NT =0, but A(z+T) = A\(T) > 4e.
This contradicts additivity and shows that |—e,e[ C S — S. ]

The fact that R is a vector space over Q yields many examples of non-
measurable sets. For any Hamel basis B (see 1.13), the lattice L = Lp
consists of all numbers ZbeB ng - b with ny, € Z and n, = 0 for all but
finitely many b € B. We will also consider an arbitrary hyperplane H
of R over Q.

10.8 Inner measure Fach lattice L and each hyperplane H has inner
measure 0. More generally, A\(G) = 0 for any proper additive subgroup
G <R.

Proof Since G is a group, G — G = G. If A(G) > 0, then G — G contains
an open neighbourhood of 0 by 10.7, but such a neighbourhood generates
the full group R. O

10.9 Proposition A hyperplane H intersects an arbitrary open interval
J in a set of positive outer measure. In particular, H N J ¢ M.

Proof Assume that \(H N J) = 0. Then A\(H N J) = 0 by 10.8. There
are countably many elements h, € H such that | J,(J + h,) = R. Note
that (HNJ)+h, = HN(J+h,). Thus, \(HNJ) = 0 implies A(H) = 0.
Because R/H = Q, the set R is a union of countably many cosets of H,
and it would follow that A(R) = 0. |

10.10 Proposition Any lattice L = Lp in the rational vector space R
has outer measure \(L) = co. Therefore, L ¢ 9.

Proof The elements %b with b € B represent uncountably many distinct
cosets of L in R. Hence one cannot argue as in the previous proof.
The definition of A shows that A(r - S) = r - A\(S) for any positive
number r. Obviously, R = {J,cy (n!)7'L, and hence co < A(R) <

>, ()L A(L) = e AM(L). O

The following analysis shows that a lattice L is non-measurable in a
very strong sense.
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10.11 Theorem If L is a lattice in R and U is open, then A(LNU) =
A(U), while A(LNU) = 0.

Proof By 10.8, it suffices to prove the first claim. Two distinct elements
of a basis of R over Q generate a dense subgroup of R; see 1.6b. In
particular, L = R.

(a) We show that for each ¥ € ]0,1[ and for each € > 0, there is some
open interval J of length A(J) < e such that A(L N J) > 9 - A(J).

In fact, A(L) = oo and subadditivity of X imply that there is a compact
interval C' with A(L N C) := m > 0. By definition of )\, we can find
an open neighbourhood O of L N C satisfying A(O) < m + r with an
arbitrarily small number r > 0. Let 2r < (1 — ¢) - m. The open set O
can be covered by intervals J, of length less that & such that A(O) <
Yo AJ) <m+2r.

Suppose that A(LNJ,) < 9-A(J,) for all v; then m < >° A(LNJ,) <

9 - (m+ 2r) < m, a contradiction.
(b) We may assume that U is an open interval. Let J be chosen according
to step (a). Because L is dense in R, there are finitely many elements
t1,...,tx € L such that the intervals J + ¢, C U are pairwise disjoint
and that A(U) — k- A(J) < e. It follows that

k=1

— k- MLNJ)>k-9-A(J),

MLNU) > MU, LT +1) =S5 X(LNJ) +1,)

hence A(LNU) > 9 - (A(U) — ¢) is arbitrarily close to A\(U). |

Remark With the same arguments, an analogous result can be proved
for hyperplanes.

Intuitively, both meagre sets (i.e., countable unions of nowhere dense
sets) and sets of Lebesgue measure zero (null sets) are small. The two
notions are quite independent of each other. This is illustrated by the
following astonishing result:

10.12 Proposition R is a union of a meagre set M and a null set N.

Proof Let Q={r, |v€N}and put J,, ={zeR ||z —r,|<27"¥}
for k > 1. Then O, = Uiozl Jwu is an open neighbourhood of the dense

set Q, and R\ O, is nowhere dense. The set N = (1, O, is a null set
(since A\(O,) < 2'7%) and R \ N is meagre. o

We mention a kind of duality between meagre sets and null sets (for
a proof see OXTOBY 1971 §19):
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10.13 Theorem (Erdds) Under the continuum hypothesis 2% = ¥,
there exists an involutory mapping ¢ : R — R such that A(X) = 0 if]
and only if, p(X) is meagre.

Traditionally, any union of countably many closed sets is called an
F -set.

10.14 Measurable sets A set S C R is measurable if, and only if,
there is an F,-set F' and a null set N with S = F UN.

Proof 1If S is measurable, so is X = R\ S. By definition of 91, the set
X is contained in an intersection D of countably many open sets such
that A(D~ X) = 0. Hence F =R~ D is an F,-set and S~ F = D~ X
has measure 0. O

In order to illustrate the high degree of complexity of the o-field 91
of the measurable sets, we introduce the notions of Borel classes and of
Souslin sets. Starting with the compact or the open sets, all Borel sets
can be obtained by alternatingly forming countable unions and countable
intersections. For X C 28, let X, be the set of all unions and X5 the set
of all intersections of countable subfamilies of X.

We shall now use ordinal numbers; refer to Section 61 for notions and
notation.

10.15 Borel hierarchy Denote by O = 9 the set of all open subsets
of R, and put O, = U#EV(DH)(;U.

By definition, 9, C B for each ordinal v. Because any countable
subset of the least uncountable ordinal number 2 has an upper bound
in Q (see 61.5), we have (Dgq)s, = Dq. Since closed sets are contained in
s, it follows inductively that the complement of any set in ©,, belongs
to Oyuq1. Hence B = Oq.

10.16 Borel sets We have card B = X = 280 < card 9.

Proof By 61.10, we have card X,,card X5 < (card X)®. Since R has
a countable basis, there are only No™ = R open sets. By induction it
follows that card9, = X for v € Q. Now 2% > R, by 61.11, hence
card Q = 8y <N, and with 61.13(a) we obtain card O = .

Because each subset of the Cantor set C (see 10.6(b)) is a null set,
card M = 2% > N, O

10.17 Theorem Forv < (), the Borel classes £,, are strictly increasing.

A proof can be found in HAUSDORFF 1935 §33 I; compare also MILLER
1979.
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10.18 The Souslin operation Let § be the set of all finite sequences
of elements of N. For any sequence v € NN of natural numbers, put
vik = (1,)i<x € . Consider an arbitrary family T C 2%, Any map-
ping § — %, i.e., any choice of sets T, € T determines a Souslin set
Uyent Nyen Toj over T; note that the union is to be taken over un-
countably many sequences v.

The family of all Souslin sets over ¥ is denoted by Tg. The choice
T, = Tx € % shows that T5 C Tg, similarly T}, = T),, € T gives
Ty € T5. An argument related to general distributivity shows that
(Ts)s = Ts; see HAUSDORFF 1935 §19 I, JacoBs 1978 Chapter XIII
Proposition 1.3, or ROGERS—JAYNE 1980 Theorem 2.3.1.

Let & = Og denote the collection of the Souslin sets over the open
subsets of R, and write € for the class of all compact sets.

10.19 Proposition The family & contains all Borel subsets of R.
Moreover, €5 = 6.

Proof By 10.15, the Borel field 9B is the smallest family of subsets of R
such that O C B and B5 = B, = B, and 10.18 shows that &S5, &, C
S5 = 6. Hence B C &. Moreover, € C D5 and O C €, imply €5 C Og
and & C (€,)s C (€g)s = Cg. O

10.20 Analytic sets By definition, an analytic set is the image of
some continuous map ¢ : N¥ — R. Each analytic set is contained in &.

Proof Tt is tacitly understood that NV carries the product topology. A
typical neighbourhood Uy () of v € NN consists of all sequences u €
NN such that p|k = v|s. For a fixed v, continuity of ¢ implies that
U, (v) is contained in some e-neighbourhood V(¢ (v)), where the e = ¢,
converge to 0 as k increases. Choose O, as an e,-neighbourhood of
Uk (v). Then O,),. € Vac(@(v)) and (,.cy Oujx = {¢(¥)}. The proof is
completed by taking the union over all v € NN, O

10.21 Theorem Fach Borel set and even each Souslin set is analytic.

Proof By 4.10, the space J of irrational real numbers may be identified
with NN,

(a) 3, = JN[v, v+1] is homeomorphic to J. If ¢, : J, — R is continuous,
then there is a continuous map ¢ : 3 — R with ¢l ,11] = ¢, Obviously
©(J) = U, ¢v(3,). Hence a union of countably many analytic sets is
analytic.

(b) The set 3 = NY contains a copy of the Cantor set C = {0, 1} and
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((cl,)u — c,,2_”) : C — [0,1] is a continuous surjection. It extends
to a continuous map J — [0, 1] by normality of J. Hence each closed
interval is analytic, and (a) implies that open sets are analytic.

(c) Let ¢, : 3 — R be continuous, and assume that (), cy ¢u(J) = E # 0.
The set

D={z=(z,), €|V, o) = p1(z1) }

is closed in IV, and (z — ¢1(z1)) : D — E is a continuous surjection.
Now D is a retract of IV, because IV = NYXN ~ NN = J and each closed
subset of NV is a retract (see Exercise 7 or ENGELKING 1969). Hence,
(z — ¢1(z1)) extends to I, and the intersection E of countably many
analytic sets is analytic. 10.15 proves the first claim.

(d) By the last part of 10.19, Souslin sets can be obtained from compact
sets instead of open sets, hence each Souslin set is of the form A =
Uoent Nyen Cujie with compact sets C|,,. We may assume, moreover,
that x < A implies C,|,, 2 Cpx. Write Cy),; = Ujey Cyllﬁ, where each
CVZ\K
gives Nuen Cule = Uen Neen CVL"‘K. Therefore the C,|,, may be chosen
of diameter at most x~'. We define a set D by v € D = (), o Coje =
{z,} #0. The map ¢ : D — A : v — =z, is a continuous surjection.

is contained in some interval of length x~!. Infinite distributivity

Moreover, D is closed in NY| since v ¢ D implies Cyj = 0 for some
k € N, and then p ¢ D for all y with u|k = v|k. Again, D is a retract
of NN and ¢ extends to a continuous map NN — A. o

10.22 Proposition The family of all Souslin sets in R has cardinality
card G = .

Proof Since R has a countable basis for the topology, card O = X = 2%o,
The set § of all finite sequences v|k is countable by 61.14. Each Souslin
set is determined by a choice of open sets O, |, that is, by a map § — O.
There are R = X such maps (61.13b). O

10.23 Theorem There is a Souslin set X in R such that R\ X ¢ &.
In particular, X is not a Borel set.

Proof By 61.14, the set § of all finite sequences v|k is countable, hence
there is a bijection § — N denoted by (v|x — T(k)). The map (v — )
is injective and defines a bijection of NY onto its image A” C NY. Each
Souslin set is now of the form J, cx(.en On(x)- Choose a countable
basis B = (B,,)uen for the open sets and note that B, = O. For £ € NY

put S(&) = Unen Neen Be,.,- Then {S) | €eNVY =Bs =6.
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We identify NN with the space J of all irrational numbers in R as
in 4.10. Let X C R be defined by £ € X = £ € S(§). Assume that
RN X = 5(¢) forsome ¢ € NN, Then E eRN X & €€ S(€) & €€ X,
a contradiction. Therefore, R \ X is not a Souslin set.

In order to show that X € &, let T, = {£{ € J| £ € Be, }, and note
that § € Be, if, and only if, there is some u € N such that £ € B, and
p=¢&c Now {€] & = p) is open in NY, hence T}, is open in J, and
therefore T, € O5. Thus X = U, cnr Nyeen Tn(x) € Os- O

10.24 Souslin sets are measurable The set 9 of all Lebesgue mea-
surable sets satisfies Mg = M. Hence & C IM, even & C M, since
card & = R < card 9.

Proofs of this standard result can be found in SAkS 1937 Chapter 11
Theorem 5.5, or ROGERS-JAYNE 1980 Corollary 2.9.3. They are some-
what technical and will be omitted here.

Finally we mention the following result by LACzKovICH 1998:

10.25 Every analytic proper subgroup of the reals can be covered by
an F, null set.

Exercises
1) In the notation of 10.15, show that 91 # ©O.

2) Represent QQ as a Souslin set.

ational vector space R has infinite outer measure.

4) There are many o-fields between & and 1.

5) The modified Cantor set Cz (defined in 10.6¢) has non-measurable subsets.
(6) A map ¢ : R — R is said to be measurable if, and only if, each open set O
has an inverse image o~ *(0) € M. If  is measurable, then the inverse image

of each Borel set is measurable, but not necessarily the inverse image of each
set X € M.

(7) If A is closed in NV, then there is a continuous map p : N¥ — A with
pla =ida. (Such a map is called a retraction.)

1)
(2)
(3) Any sublattice S in the intersection of finitely many hyperplanes in the
rat
(4)
(5)

11 The real numbers as an ordered field

In this section we show that the field R can be made into an ordered field
in a unique way. Conversely, ordering and addition of the real numbers
determine the multiplication up to isomorphism. After a brief survey
on exponential functions in ordered fields we characterize those ordered
fields which are isomorphic to subfields of R.
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11.1 Definition An ordered skew field is a skew field F' equipped
with the additional structure of a chain (F, <) such that the following
monotonicity laws hold. For all a,b,c € F such that a < b, we stipulate
that

at+c<b+c
ac < be if 0<ec.

From these axioms it follows that bc < ac if ¢ < 0; indeed, from ¢ < 0 we
obtain 0 < —c by the first monotonicity law, and the second one yields
a(—c) < b(—c). This implies 0 < ac — be, and the claim follows.

The first law says that the additive group of F' becomes an ordered
group in the sense of 7.1. Note that (F,+) is commutative by 6.1,
hence we do not need to stipulate the monotonicity of left addition.
There is a similar lack of symmetry in the second law although at this
moment the multiplication in F' is not assumed to be commutative. We
shall show in 11.5 that the missing law comes for free. If F' happens
to be commutative, then the second law alone implies that the positive
elements a > 0 form an ordered group under multiplication.

In any ordered skew field F', we define the absolute value of a € F by

la| = max{a, —a} .
This absolute value satisfies the triangle inequality
la+0b| < af +[0] ,

which is proved by adding the inequalities ea < |a| and €b < |b|, where
e € {1,—1}, to obtain e(a +b) < |a| + |b].

11.2 Remark The monotonicity law for multiplication implies that
every square a2, 0 # a € F, is positive: a? > 0. In particular, it is not
possible to make the complex numbers into an ordered field, because
both —1 =42 and 1 = 12 would be positive, resulting in the contradiction
0 =—-1+4+1> 0. Moreover, in every ordered skew fie